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Abstract

Choice experiments are widely used in a large number of fields, including a growing
subfield of labor economics that measures the valuation of non-pecuniary workplace
amenities. In contrast to many other types of randomized experiments, the evaluation
of a choice experiment typically relies on parametric assumptions about the distribu-
tion of willingness-to-pay (WTP) for the choices, most commonly some flavor of logit
or probit model. We develop distribution-free methods for inference in binary (dichoto-
mous) choice experiments in which subjects choose from two options. Our methods
are based on sharp characterizations of the identified set that are valid regardless of
the variation in the data. We use our methods to re-evaluate the influential study by
Mas and Pallais (2017) on the valuation for workplace amenities. Most of their con-
clusions survive without the logistic distributional assumption. The main exceptions
are the valuation of overtime work, for which the experiment offered only two prices,
as well assome gender differences, which our distribution-free methods suggest may be
artifacts of the logit functional form.
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1 Introduction

Experimental methods are prized in the social sciences in large part because they can be

evaluated nonparametrically, without auxiliary functional form assumptions (LaLonde,

1986; Burtless, 1995; Athey and Imbens, 2017). A choice experiment is a popular ex-

perimental approach in which individuals are asked to make a choice from a set of

options with randomly assigned prices or other characteristics. In contrast to most

other experiments, choice experiments are usually evaluated under parametric distri-

butional assumptions that translate choice frequencies into preferences (valuations). In

this paper, we develop distribution-free methods for evaluating choice experiments in

which the choice decision is binary (dichotomous).

Our work is motivated by a recent resurgence of interest in choice experiments in

labor economics (for example, Mas and Pallais, 2017; Wiswall and Zafar, 2018; Mahmud

et al., 2021; Maestas et al., 2023; Drake et al., 2025). These authors have argued

that designing natural field experiments in which individuals make (or believe they

make) real labor supply choices helps address well-known critiques of stated valuation

approaches (McFadden, 1994; Hausman, 2012). In addition to labor economics, choice

experiments have also long been common in environmental economics (e.g. Hoyos et al.,

2009) and health economics (de Bekker-Grob et al., 2012). They are used to study a

dizzying array of topics beyond economics, from dentistry (e.g. Boyers et al., 2021), to

organic food (e.g. Güney and Giraldo, 2019), to the location of heroin injection sites

(Berrigan and Zucchelli, 2022), to name just a few.

The evaluation of binary choice experiments was originally developed by Bishop

and Heberlein (1979), Hanemann (1984), and Cameron (1988). Focusing on binary

decisions is common due to its simplicity and perceived incentive compatibility (Carson

et al., 2014; Johnston et al., 2017, Recommendation 8). The typical approach is to

estimate a binary outcome logit model in which one of the features of a choice is its

randomly varied price. The latent logistically distributed random variable is interpreted

as willingness-to-pay (WTP). The model and estimated coefficients are then used to

estimate the mean, standard deviation, and quantiles of WTP based on the assumed

logistic distribution. Practitioners routinely express concern over the role of these

distributional assumptions and recommend estimating distribution-free models (see

Recommendation 16 and pp. 360–361 in Johnston et al., 2017; see also Freedman,

2008). A major obstacle to doing so is the fact that features of the WTP distribution

are generally only partially identified without parametric distributional assumptions.

It is known that the distribution function of WTP is bounded between two step

functions determined by the choice shares at the observed prices (Boman et al., 1999;
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Manski and Tamer, 2002; Bhattacharya, 2021). The implied bounds on the mean were

derived by Green et al. (1998) and Boman et al. (1999), and shown to be sharp by

Magnac and Maurin (2008). We show that every distribution function between the two

step functions is consistent with the data, which implies that the bounds are uniformly

sharp in the sense of Firpo and Ridder (2019). We use this result to derive sharp

bounds on the quantiles using a set-valued definition of the quantile that is invariant

to relabeling the choice. We also derive sharp bounds on the variance, drawing on

Stoye (2010) and the literature on imprecise probabilities (Langewisch and Choobineh,

2004; Kreinovich et al., 2006).

We develop approaches to estimation and inference under two different frameworks.

First, we consider estimation and inference approaches in which the choice shares

are parameterized, but the distribution of WTP is left unspecified. The motivation

for this approach is a separation between the choice shares, which are nonparametri-

cally point identified, and features of the WTP distribution, which are not. Using a

parametric model, such as a logit, then operates transparently as a means of dimen-

sion reduction, while playing no additional role in isolating the distribution of WTP.

The inference problem is still a nonstandard one due to partial identification, but is

simplified by the fact that typical parametric models make it credible to assume that

the choice shares are “regular,” in that they are strictly monotone and bounded away

from zero and one.

Then, we consider fully nonparametric approaches that also estimate choice shares

nonparametrically. These estimators can lead to estimated choice shares that are not

increasing (even if the model is correctly specified), straining the regularity assumption

for the choice shares, and leading to sample-analog bounds that cross or are undefined.

We develop confidence sets that accommodate in-sample violations of the shape restric-

tions and remain valid as long as the model is correctly specified in the population.

We use our methods to re-evaluate the influential choice experiment used by Mas

and Pallais (2017) to estimate the value for alternative work arrangements. We are

able to confirm most of their qualitative conclusions while removing their logistic dis-

tributional assumption. One exception is with overtime work, which only had two

randomized prices in the experiment. We find that the authors’ estimates on the value

of overtime work are heavily driven by extrapolation manufactured by the logistic dis-

tribution; without it, we find that the data is consistent with mean WTP to avoid

overtime that is anywhere from moderately negative to strongly positive. The other

exception is gender differences in the WTP to work from home or to avoid employer

discretion, both of which have little evidence without the logit distribution.

Our paper is related to a methodological literature on distribution-free methods for
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discrete choice analysis. Most relevant to our setting are methods that focus on the dis-

tribution of latent valuations for binary choice experiments, many of which have been

developed in the contingent valuation literature.1 Kriström (1990) proposes linearly

interpolating the distribution function of WTP between observed prices, which effec-

tively assumes that WTP is uniformly distributed between them; see also Duffield and

Patterson (1991) and Hanemann and Kanninen (2001). Cosslett (1983) and Watanabe

(2010) show that mean WTP is nonparametrically point identified when prices are

drawn from a continuous distribution whose support covers that of WTP, and Lewbel

et al. (2011) estimate moments and quantiles under a related asymptotic large-support

assumption on prices. All of these papers make sufficient assumptions to ensure point

identification.

We focus on partial identification, so our work is more closely related to the pre-

viously mentioned papers by Green et al. (1998), Boman et al. (1999), Magnac and

Maurin (2008), and Bhattacharya (2021). We develop inference methods for bounds

that have analytical characterizations, in contrast to a literature that develops compu-

tational approaches, such as Manski (2008), Chesher and Rosen (2013), Tebaldi et al.

(2023), and Kamat and Norris (2026). The benefit of our narrower identification focus

is that the statistical inference problem is more tractable.

Recent work by Thakral and Tô (2026) also derives distribution-free bounds in

binary choice experiments. Their focus is on extending the standard model to accom-

modate choice errors, whereas our focus is on statistical inference in the standard model

without choice errors. The authors do not consider inference or sampling uncertainty

for any of their bounds. Without choice errors, the bounds they derive for the mean

coincide with those of Green et al. (1998). Their bounds on quantiles coincide with ours

except when a choice share equals the quantile level, a difference that arises because

they use the conventional single-valued definition of quantiles, which is not invariant

to relabeling. They do not show that their bounds are sharp. They apply their results

to Mas and Pallais (2019), which is a different (but related) application from Mas and

Pallais (2017), the application that we consider.

The organization of the paper is as follows. In Section 2, we review standard eval-

uation approaches for binary choice experiments. Section 3 derives bounds on features

of the WTP distribution. Section 4 discusses different estimators of the choice shares

and introduces the idea of “regular” choice shares. Section 5 develops inference proce-

dures for regular choice shares, while Section 6 extends these procedures to non-regular

choice shares. Section 7 uses our results to reanalyze Mas and Pallais (2017). Section

1This contrasts with distribution-free methods that focus on identification of index coefficients, such as
Manski (1975, 1985), Horowitz (1992), or Komarova (2013).
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8 contains some brief concluding remarks focused on recommendations for empirical

researchers evaluating binary choice experiments or contingent valuation studies.

2 Binary Choice Experiments

In this section, we define the primitive objects of a binary choice experiment and review

parametric identification of the willingness-to-pay (WTP) distribution. The approach

is originally due to Hanemann (1984) and Cameron (1988).

2.1 Choices

Individual i is asked to make a binary decision that depends on a price, Pi, that has

support P. Let Yi(p) on {0, 1} denote the choice they would make if presented with

price p. Their actual choice is Yi ≡ Yi(Pi). In the application of Mas and Pallais

(2017), the binary decision is whether to accept a job Yi = 1 with a particular amenity

when the wage is Pi. We reanalyze this application in Section 7.

The setting is experimental and prices are assumed to be randomly assigned.

Assumption RA. (Random assignment) Pi is independent of {Yi(p) : p ∈ P}.

Random assignment implies that the causal effect of Pi on the binary decision Yi is

point identified as a difference in means:

P[Yi(p
′) = 1]− P[Yi(p) = 1] = P[Yi = 1 | Pi = p′]− P[Yi = 1 | Pi = p].

This is an extensive-margin measure of how much price affects choosing the amenity.

The object of a choice experiment is typically to measure the intensity of preference for

an amenity, as reflected through the distribution of WTP. A simple potential outcomes

model is not sufficient for this purpose because it does not describe how choices are

made.

2.2 Threshold-crossing model of valuations

Let Vi denote individual i’s willingness-to-pay (or valuation) for Yi. Let Bi ∈ {0, 1}
denote i’s tie-breaker : the choice they would make in the event of indifference. We

assume that potential choices are governed by a threshold-crossing model.

Assumption TC. (Threshold crossing) For a pair of random variables (Vi, Bi) on

R × {0, 1}, potential choices are given by

Yi(p) = 1[Vi > p] + 1[Vi = p]Bi. (1)
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As a model of preferences, (1) posits that all individuals are weakly more likely to

choose the amenity when faced with a lower price. This seems like an unobjection-

able assumption when Pi truly reflects a price, but could be more controversial if the

randomly assigned incentive Pi represents some other adjustment to the choice envi-

ronment.2 In Appendix A, we modify model (1) to account for the possibility that an

unknown proportion of individuals are inattentive to Pi, a common concern in choice

experiments (see, for example, Johnston et al., 2017, Section 5.4).

Denote the WTP distribution by F (p) ≡ P[Vi ≤ p]. Together with Assumption

RA, Assumption TC implies that

P[Yi = 0 | Pi = p] = P[Yi(p) = 0]

= P[1[Vi > p] + 1[Vi = p]Bi = 0]

= F (p)− P[Vi = p,Bi = 1]. (2)

If F is continuous, so that the second term has probability zero, then F (p) is nonpara-

metrically point identified at all prices p ∈ P. In order to point identify a summary

measure of F (such as its mean), the researcher must decide how to extrapolate from

prices p ∈ P to all other prices.

The extrapolation problem is a consequence of limited price support. If prices are

continuously distributed with a support that contains the support of Vi, then (2) point

identifies F everywhere, so that any feature of F is also point identified. Cosslett (1983),

Watanabe and Asano (2009), and Watanabe (2010) develop estimators premised on

continuous variation. Our motivation is a choice experiment in which the researcher

is constrained to offer a small, finite grid of prices, so that continuous variation is

unavailable.

2.3 Parametric identification

The standard way to extrapolate with limited price variation is by imposing a para-

metric assumption. In this section, we consider the case in which Vi is assumed to

be logistically distributed, as in Mas and Pallais (2017), following Hanemann (1984),

Cameron and James (1987), and Cameron (1988). Similar arguments apply to other

parameterizations.

Let Ui be a standard logistic random variable with location parameter zero and

2Bhattacharya (2015) shows that this structure follows from utility maximization whenever utility is
continuous and strictly increasing in the numeraire, without any restrictions on preference heterogeneity or
income effects, so that Vi can be interpreted as an equivalent variation.
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scale parameter one. Suppose valuations can be expressed as

Vi =
Ui − α

β
, (3)

for some α ∈ R and β > 0. Then Vi is a logistic random variable with location

parameter −α/β and scale parameter 1/β. In particular, by (2) we have that for

p ∈ P,

P[Yi = 0 | Pi = p] = F (p) = Λ(α+ βp),

where Λ(u) ≡ 1/(1 + exp(−u)) is the standard logistic function. In this example, α

and β are point identified so long as P contains two distinct prices.

The parametric assumption in (3) ensures that point identification of α and β

suffices to point identify the entire WTP distribution. Many features of F can be

expressed as smooth functions of α and β, including mean WTP,

E[Vi] = −α
β
,

the standard deviation of WTP,

S[Vi] =
π

β
√
3
≈ 1

.55β
,

and the rth quantile of WTP for r ∈ (0, 1),

F−1(r) =
Λ−1(r)− α

β
=

1

β

(
log

(
r

1− r

)
− α

)
.

Estimation and inference through maximum likelihood and the delta method is straight-

forward. However, the validity of this approach depends on the assumed logistic dis-

tribution.

3 Nonparametric Bounds on Willingness-to-Pay

In this section, we derive uniformly sharp bounds on the distribution of WTP without

restricting that distribution to be in any specific parametric family. We use these

bounds to derive sharp bounds on the mean, quantiles, and variance of the distribution

of WTP. Reporting all three measures of WTP has been argued to be important for

contingent valuation studies (Johnston et al., 2017, Recommendation 18).
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3.1 Notation

We assume that the support of Pi is discrete and finite with J ≥ 1 distinct prices

P = {p1, p2, . . . , pJ}

labeled in increasing order, so that −∞ < p1 < · · · < pJ < +∞. For j ∈ {1, . . . , J},
denote the share of individuals who would not choose the amenity at price pj by

sj ≡ P[Yi(pj) = 0] = P[Yi = 0 | Pi = pj ], (4)

where the last equality follows from Assumption RA. Our analysis employs two ex-

tremal “choke prices” p0 and pJ+1 under which all individuals would either choose

the amenity or not choose the amenity, respectively. We state this as the following

assumption for reference, although the condition is sufficiently flexible that it is not

necessarily an assumption.

Assumption CP. (Choke prices) There are known choke prices p0 < p1 and pJ+1 >

pJ such that

s0 ≡ P[Yi(p0) = 0] = 0,

and sJ+1 ≡ P[Yi(pJ+1) = 0] = 1.

These choke prices could be p0 = −∞ and pJ+1 = +∞.

Both choke prices are assumed to be known to the researcher. All of our analysis

allows the researcher to set one or both of the choke prices to be infinite, in which case

Assumption CP is not a substantive assumption. The restrictiveness of Assumption

CP is therefore entirely at the discretion of the researcher.

Let F denote the set of all univariate distribution functions on the extended real

line, R ≡ R ∪ {−∞,+∞}. A function G : R → [0, 1] belongs to F if and only if it is

weakly increasing, continuous from the right, and satisfies G(+∞) = 1.3 The identified

set for F , denoted by F⋆, is the subset of F consistent with Assumptions RA, TC, CP,

and the observed conditional distribution of Yi given Pi.

3Because G ∈ F is a distribution function on the extended real line, we allow it to have point masses at
±∞ to represent the case in which there are individuals who would not choose (or would always choose) the
amenity at any finite price. This means that it is possible that limv→−∞G(v) > 0 and limv→+∞G(v) < 1,
unlike a distribution defined only on the real line.
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3.2 The distribution function

The following proposition provides a sharp characterization of F⋆, which is illustrated

in Figure 1.

Proposition 1. Suppose that Assumptions RA, TC, and CP are satisfied. Let

FL(p) ≡ 1[pJ+1 ≤ p] +
J∑

j=0

1[pj ≤ p < pj+1]sj

and FU(p) ≡ 1[pJ+1 ≤ p] +

J∑
j=0

1[pj ≤ p < pj+1]sj+1.

Then the identified set for F is given by

F⋆ = {G ∈ F : FL(p) ≤ G(p) ≤ FU(p) for all p ∈ R}.

The bounds FL, FU ∈ F⋆ are themselves distribution functions in the identified set, so

they are uniformly sharp in the sense of Firpo and Ridder (2019, Definition 2).4

Proposition 1 forms the basis of the subsequent analysis. The tie-breaker Bi ensures

that both FL and FU are members of F⋆. If we were to assume that Bi = 0 for all

i, then (2) would imply F (pj) = sj , whereas FU(pj) = sj+1. The identified set would

contain distributions arbitrarily close to FU, but not FU itself. Assuming Bi = 1 for all

i would exclude FL in the same way. The bounds on the features of F that we consider

below would be unchanged, but some would no longer be attained; for example, the

identified set for the mean would be half-open.

3.3 The mean

For any G ∈ F , let m(G) denote the (possibly infinite) mean of G, if it exists. The

identified set for m(F ) is defined as

M⋆ ≡ {m(G) : G ∈ F⋆ such that m(G) exists} .

Sincem is increasing in the first-order stochastic dominance order, Proposition 1 imme-

diately provides sharp bounds on mean WTP as the means of FU and FL, respectively

(Manski, 2003).

4With finite choke prices, FL and FU place no mass at ±∞, so they are uniformly sharp even among
distributions on R. With an infinite choke price, they can place mass at ±∞; for example, if p0 = −∞, then
limp↓−∞ FU(p) = s1. Among distributions on R, they are then pointwise but not uniformly sharp, which
shows that the limit conditions in Firpo and Ridder (2019, Theorem 2) need not hold.
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Figure 1: The bounding distributions in Proposition 1

pp0 p1 p2 p3 p4
s0 = 0

s1

s2

s3

s4 = 1
FU

FL

example G ∈ F⋆

Notes: Illustration with J = 3 observed prices and finite choke prices. The shaded boxes show the region
FL(p) ≤ G(p) ≤ FU(p) that contains every G ∈ F⋆.

Proposition 2. Suppose that Assumptions RA, TC, and CP are satisfied. Then

M⋆ = [m(FU),m(FL)] =

 J∑
j=0

(sj+1 − sj)pj ,
J∑

j=0

(sj+1 − sj)pj+1

 ,
where the above expressions use the convention that 0 × ±∞ ≡ 0. The length of the

identified set is

m(FL)−m(FU) =
J∑

j=0

(sj+1 − sj)(pj+1 − pj). (5)

All components of the lower bound are determined by the observed data, except

potentially for p0. If s1 = 0, so that the lowest observed price p1 is itself a choke price,

then p0 drops out of the expression. Otherwise, the lower bound of M⋆ will be an

affine function of p0, with slope given by the share s1 of individuals who do not choose

the amenity at the lowest observed price. Setting p0 = 0, which is reasonable if the

amenity is an uncontroversial “good,” produces the Turnbull (1976) lower bound, which

is commonly reported in the contingent valuation literature (Haab and McConnell,

1997, 2002). If the researcher is unwilling to specify a lower choke price, so that p0 =

−∞, then the lower bound is completely uninformative whenever s1 > 0. Symmetric

statements apply to the upper bound with respect to the choke price pJ+1.
5

5If both choke prices are finite then the midpoint of M⋆ is the mean of the distribution function that
interpolates linearly between the choice shares at adjacent prices. This is the basis of the estimator proposed
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An important implication of Proposition 2 is that in the absence of an assumed

or observed choke price, a binary choice experiment contains no information about

the mean WTP (Haab and McConnell, 1997, p. 259). Estimates of the mean are

determined entirely by the tail behavior of an assumed parametric functional form,

in the sense that any hypothetical value of mean WTP can always be justified by a

distribution with appropriate tail behavior (Manski, 1988).6 Such a distribution might

appear bizarre, placing small amounts of mass far out in the tails. If the researcher

thinks that this possibility is unreasonable, then they should be willing to impose a

priori choke prices that preclude it.

3.4 The quantiles

For any r ∈ [0, 1] and G ∈ F , let q(r,G) denote the rth quantile of G. We view the

standard definition of a quantile as problematic for the current purposes because its

identified set is not invariant (equivariant) to whether the amenity is labeled as Yi = 1

or Yi = 0. We explain this point in more detail in Appendix B. Instead, we employ

a set-valued definition of quantiles on the extended real line (Ehm et al., 2016). This

makes our arguments differ from prior quantile bounding arguments for distribution-

free binary choice experiments (Haab and McConnell, 2002; Crooker and Herriges,

2004; Thakral and Tô, 2026).7

The set-valued definition takes q(r,G) ≡ [q(r,G), q(r,G)], where

q(r,G) ≡ inf{p ∈ R : G(p) ≥ r}

and q(r,G) ≡ sup{p ∈ R : G(p) ≤ r or p = −∞}.

The identified set for q(r, F ) is given by

Q⋆(r) ≡
⋃

G∈F⋆

q(r,G).

First-order stochastic dominance arguments imply that Q⋆(r) only depends on the rth

quantiles of the bounding distributions FU and FL from Proposition 1.

by Kriström (1990); see also Duffield and Patterson (1991) and Hanemann and Kanninen (2001). Proposition
2 shows that this estimator selects one point from the identified set based on the implicit distributional
assumption that WTP is uniformly distributed between adjacent prices.

6In the contingent valuation literature this is called the “fat tail problem” (for example, Ready and Hu,
1995).

7A consequence of this is that the bounds derived by Thakral and Tô (2026, Theorem 2) are narrower
than those ahead in Proposition 3, because they are bounds for q(r, F ), rather than for the quantile set
q(r, F ) = [q(r, F ), q(r, F )] defined below. A smaller difference is that their quantile bounds do not allow for
finite choke prices.
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Proposition 3. Suppose that Assumptions RA, TC, and CP are satisfied. Then for

r ∈ [0, 1],

Q⋆(r) =
[
q(r, FU), q(r, FL)

]
=

[
1[r = 0](−∞) +

J∑
j=0

1[sj < r ≤ sj+1]pj ,

1[r = 1](+∞) +
J∑

j=0

1[sj ≤ r < sj+1]pj+1

]
,

where the above expressions use the convention that 0×±∞ ≡ 0.

Like the mean bounds, the lower quantile bound depends on the lower choke price

p0, but not on the upper choke price pJ+1, with the opposite being true for the upper

quantile bound. However, unlike the mean bounds, quantile bounds will still be infor-

mative for some quantiles r even if choke prices are infinite. In particular, the lower

bound will be informative for r > s1, while the upper bound will be informative for

r < sJ . For ease of exposition, suppose that sj ̸= r for all j ∈ {0, . . . , J + 1}. Then

the length of Q⋆(r) is given by pk+1 − pk, where k ∈ {0, . . . , J} is the unique index

satisfying sk < r < sk+1. Whenever k /∈ {0, J}, the length of the identified set for the

rth quantile will not depend on choke prices at all.

3.5 The variance

For any G ∈ F , let v(G) denote the (possibly infinite) variance of G, if it exists. The

identified set for v(F ) is defined as

V⋆ ≡ {v(G) : G ∈ F⋆ such that v(G) exists} .

Stoye (2010) showed that V⋆ can be characterized in terms of “compressed” and “dis-

persed” distributions derived from FU and FL.
8 For q ∈ [p0, pJ+1], define the com-

pressed distribution around q as

FC,q(p) ≡

FL(p), p < q,

FU(p), q ≤ p.

8Note that Stoye (2010) uses the opposite labeling scheme from us, so that his FU is our FL and his
FL is our FU. Our scheme is motivated by pointwise comparisons, while Stoye’s is motivated by first-order
stochastic dominance comparisons.
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Figure 2: Compressed and dispersed distributions

pp0 p1 p2 p3 p4
0

s1

s2

s3

1

q

mass

(a) Compressed around q: FC,q

pp0 p1 p2 p3 p4
0

s1

s2

s3

1

r

mass

(b) Dispersed around r: FD,r

follows FU follows FL equals r

Notes: Compressed and dispersed distributions for the same observed prices and choice shares as in Figure
1. Each distribution function is drawn in the color of the bound it coincides with. The faint lines are FL

and FU. The lower plots show the probability mass that each distribution places at each point.

Similarly, define the dispersed distribution around r ∈ [0, 1] as

FD,r(p) ≡


FU(p), p < q(r, FU),

r, q(r, FU) ≤ p < q(r, FL),

FL(p), q(r, FL) ≤ p.

These constructions are motivated by the observation that each G ∈ F⋆ places mass

sj+1 − sj in each price bin [pj , pj+1]; different G ∈ F⋆ only differ in how they allocate

mass within these bins. The compressed distribution around q allocates it as close to q

as possible, pushing mass towards the upper endpoints pj+1 for bins with pj+1 ≤ q and

towards the lower endpoints pj for bins with pj ≥ q. The dispersed distribution around

r does the opposite, pushing mass towards the lower endpoint of bins with sj+1 ≤ r,

towards the upper endpoint of bins with sj ≥ r, and splitting the mass of the bin with

sj < r < sj+1 between its two endpoints. Figure 2 illustrates.

If the choke prices p0 and pJ+1 are finite, so that all the means and variances of the

compressed and dispersed distributions exist and are finite, then it follows from Stoye

(2010, Theorem 2(i)) that

V⋆ =

[
inf

q∈[p0,pJ+1]
v(FC,q), sup

r∈[0,1]
v(FD,r)

]
.

13



That is, the variance lower bound is the smallest variance among compressed dis-

tributions, while the variance upper bound is the largest variance among dispersed

distributions. In general, these optimization problems are not convex in q or r; Stoye

(2010, p. 335) suggests solving them through a one-dimensional grid search.

In the current case, however, the distributions in F⋆ have a known structure that

has been studied in the literature on imprecise probabilities. Kreinovich et al. (2006,

Section 4, pp. 220–224) show that this allows the variance bounds to be character-

ized more explicitly: the lower bound places the mass in each bin at the point of the

bin closest to the mean, the upper bound places it at the endpoint farther from the

mean, and the mass is split when the mean is equal to the bin’s midpoint. The fol-

lowing proposition restates that characterization in terms of compressed and dispersed

distributions, then extends it to infinite choke prices.

Proposition 4. Suppose that Assumptions RA, TC, and CP are satisfied. Without

loss of generality, if s1 = 0, let p0 be finite, while if sJ = 1, let pJ+1 be finite. Let the

“midpoint” distribution function be given by

FM(p) ≡ 1

[
pJ + pJ+1

2
≤ p

]
+

J∑
j=1

1

[
pj−1 + pj

2
≤ p <

pj + pj+1

2

]
sj .

Then

V⋆ =

[v(FC,q⋆),+∞] , if p0 = −∞ or pJ+1 = +∞,

[v(FC,q⋆), v(FD,r⋆)] , otherwise,

where

• q⋆ ∈ [p1, pJ ] is a solution to m(FC,q) = q; a solution exists, and it is unique unless

sk = 0 and sk+1 = 1 for some k ∈ {1, . . . , J − 1}; and

• r⋆ ∈ (0, 1) is a solution to either m(FD,r) = q(r, FM) or FM(m(FD,r)) = r; a

solution exists and is unique.

Proposition 4 shows that the lower bound of the variance of WTP is attained by

the compressed distribution FC,q⋆ whose mean is equal to q⋆. A consequence is that

this lower bound does not depend on choke prices, because q⋆ ∈ [p1, pJ ]. On the other

hand, the variance upper bound does depend on choke prices. It is infinite if p0 = −∞
and s1 > 0, or if pJ+1 = +∞ and sJ < 1. When both choke prices are finite, the

optimal dispersion parameter is either an interior solution m(FD,r⋆) = q(r⋆, FM), or a

corner solution FM(m(FD,r⋆)) = r⋆. In the case of an interior solution, the mean of

the optimal dispersed distribution lies at the midpoint of some price bin [pj , pj+1]; this
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pushes as much of the probability mass away from the mean as possible. In the case of

a corner solution, the variance upper bound is attained by simply setting r⋆ = sj for

some j ∈ {1, . . . , J}.

4 Choice Share Estimation

In the next two sections, we develop distribution-free methods for conducting inference

on the mean, variance, and quantiles of WTP. The methods are centered around es-

timation of the choice shares, sj for j ∈ {1, . . . , J}, which are point identified by the

distribution of Yi given Pi = pj . We assume throughout that we observe an i.i.d. sample

{Yi, Pi}ni=1. Estimation of the choice shares is premised on the following assumption.

Assumption FF. (Functional form) For all j ∈ {1, . . . , J},

sj = L(h(pj ; θ0)), (6)

where L : R → (0, 1) is a known, continuously differentiable distribution function with

strictly positive derivative ℓ, θ0 ∈ RK is an unknown parameter, and h : R×RK → R

is a known index function that is continuously differentiable in its second argument.

The map θ 7→ (h(p1; θ), . . . , h(pJ ; θ)) is injective and its Jacobian has full column rank

at θ0.

The leading example of Assumption FF is the linear logit model used by Mas

and Pallais (2017), in which L = Λ is the standard logistic function from Section

2.3, θ = (α, β), and h(p; θ) = α + βp. A probit model instead takes L to be the

standard normal distribution function. At the other extreme, taking h(pj ; θ) = θj

with K = J produces a fully nonparametric specification that makes Assumption FF

without loss of generality, as long as the choice shares are strictly between zero and

one. For parameterized cases, the other conditions in Assumption FF require the

parameterization to be smooth and non-redundant, so that θ is identified.

Even in parameterized cases, Assumption FF is not at odds with our agenda of

distribution-free inference. Whereas the standard approach in equation (3) of Section

2.3 assumes that F (p) follows a parameterized logistic distribution for all p ∈ R,

Assumption FF only imposes a parametric form at the observed prices p1, . . . , pJ . The

crucial distinction is that choice shares at the observed prices are point identified, while

those at unobserved prices are not. Assumption FF explicitly avoids extrapolating from

the grid of observed prices to hypothetical prices that were not part of the experiment.

The role of the distributional assumption in extrapolation can be isolated by comparing

point estimates from the standard approach with bounds that use the same estimated
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choice shares, but which avoid using the distributional assumption to extrapolate to

other prices. Imposing a functional form on the observed shares also comes with the

practical benefit of increasing power through dimension reduction, something that will

be evident in the application in Section 7.

We consider estimation and inference with and without the assumption that the

true choice shares at the observed prices—which are unknown but point identified—are

strictly monotonic and interior to the unit interval.

Assumption RS. (Regular shares) 0 < s1 < s2 < · · · < sJ < 1.

We say that choice shares are regular when Assumption RS holds. As a notational

convention, we let S ≡ {s ∈ RJ : 0 ≤ s1 ≤ · · · ≤ sJ ≤ 1} denote the order polytope, so

that choice shares are regular if and only if (s1, . . . , sJ) lies in int(S), the interior of S.
Under Assumption FF, Assumption RS is equivalent to θ0 ∈ Θ, where

Θ ≡ {θ ∈ RK : h(pj ; θ) < h(pj+1; θ) for all j ∈ {1, . . . , J − 1}}

is an open set. If h(p; θ) = α + βp, then Θ = R × R++, and Assumption RS is

satisfied if β0 > 0. As this case suggests, Assumption RS will tend to be more suitable

in guiding finite-sample behavior when θ is more tightly parameterized; more flexible

specifications will more frequently produce estimates on the boundary of S, where the

constraint binds and the normal approximation is unreliable, especially when there are

many observed prices.

Under Assumptions FF and RS, we can estimate θ0 by maximum likelihood. Let

θ̂n denote the maximum likelihood estimator constrained to the closure of Θ. Under

standard conditions—which include Assumptions FF and RS—we have

√
n(θ̂n − θ0)

d→ N (0,Σ0).

The asymptotic variance, Σ0, can be estimated by the usual sandwich estimator Σ̂n ≡
Ĥ−1

n ŜnĤ
−1
n , where Ĥn and Ŝn are the sample averages of the Hessian and of the outer

product of the score of the log-likelihood, evaluated at θ̂n.

Estimation and inference for choice shares then follows from the delta method.

Collect the observed prices and population choice shares into vectors p ≡ [p1, . . . , pJ ]
′

and s ≡ [s1, . . . , sJ ]
′. Let ŝn ≡ [L(h(p1; θ̂n)), . . . , L(h(pJ ; θ̂n))]

′ denote the vector of

estimated choice shares. Applying the delta method gives

√
n(ŝn − s)

d→ diag{ℓ(h(p; θ0))}∇h(θ0)N (0,Σ0) ≡ N (0,Γ0),

16



where diag{·} constructs a square diagonal matrix from a vector, ∇h(θ) denotes the

J × K Jacobian of θ 7→ h(p; θ), and Γ0 denotes the resulting asymptotic variance

matrix. The usual estimator of Γ0 is

Γ̂n ≡ diag{ℓ(h(p; θ̂n))}∇h(θ̂n)Σ̂n∇h(θ̂n)′ diag{ℓ(h(p; θ̂n))},

which is consistent under standard assumptions.

In the saturated specification with h(pj ; θ) = θj , unconstrained maximum likelihood

estimation of θ reduces to the binning estimator of the choice shares

ŝj,n ≡
∑n

i=1 1[Pi = pj ](1− Yi)∑n
i=1 1[Pi = pj ]

.

The estimated choice shares are asymptotically normal by the central limit theorem,

whether or not Assumption RS is satisfied, and Γ0 is the diagonal matrix

Γ0 = diag
{[

s1(1−s1)
P[Pi=p1]

. . . sJ (1−sJ )
P[Pi=pJ ]

]′ }
.

The estimated choice shares from the binning estimator may be non-monotonic, so

that ŝj,n > ŝk,n even though pj < pk, and they could be equal to zero or one. Non-

monotone binned estimates suggest that Assumption RS may be close to failing relative

to sampling error, which motivates the methods in Section 6.9

5 Inference with Regular Shares

This section develops inference on features of WTP under Assumption RS, using the

constrained maximum likelihood estimator from Section 4.

5.1 The mean

Suppose that both choke prices in Assumption CP are finite, so that both the lower and

upper bounds on mean WTP are not infinite. Proposition 2 showed that the bounds

9Nonparametric isotonic regression (Ayer et al., 1955) is another possible way to estimate the shares;
see Kriström (1990) for its use in contingent valuation. The isotonic regression would always be weakly
increasing, but its distribution is non-standard when some adjacent choice shares are equal or close relative
to sampling error (see, for example, Chetverikov et al., 2018; Fang and Santos, 2019). Isotonic regression
would therefore further compound the inference problems created by partial identification that we try to
solve in the following sections. We do use isotonic regression in two places: as the point around which we
linearize the variance bounds in Section 6.2, and in our estimate of Γ0 for the nonparametric confidence
intervals, where we replace each sj with its isotonic regression estimate.
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are a known affine function of choice shares,[
m(FU)

m(FL)

]
= As+ b, for A ≡

[
p0 − p1 . . . pJ−1 − pJ

p1 − p2 . . . pJ − pJ+1

]
, b ≡

[
pJ

pJ+1

]
.

An analog estimator of the bounds is [m̂l,n, m̂u,n]
′ ≡ Aŝn+ b. Applying the continuous

mapping theorem, we conclude that

√
n

([
m̂l,n

m̂u,n

]
−

[
m(FU)

m(FL)

])
d→ N (0, AΓ0A

′). (7)

The asymptotic variance can be consistently estimated with AΓ̂nA
′.

With asymptotically normal endpoints, a confidence interval for mean WTP can

be constructed using arguments from Imbens and Manski (2004) and Stoye (2009,

2021). As observed by Stoye (2009), different inference procedures may be appropriate

depending on whether or not the estimated bounds may cross with positive probability.

In the current setting, θ̂n is constrained to the closure of Θ, so ŝn is weakly increasing

in price, which ensures that P[m̂u,n ≥ m̂l,n] = 1. By Lemma 3 of Stoye (2009), the

corresponding estimator m̂u,n − m̂l,n of the length of the identified set is superefficient

at zero. A 1− α confidence interval for mean WTP is given by

Cn ≡
[
m̂l,n −

ĉl,nσ̂l,n√
n

, m̂u,n +
ĉu,nσ̂u,n√

n

]
,

where σ̂l,n and σ̂u,n are the estimated asymptotic standard deviations of m̂l,n and m̂u,n,

respectively, and the critical values ĉl,n and ĉu,n are computed following Stoye (2009,

Equations (4) and (5)). As Stoye (2009) emphasizes, the uniform validity of Cn is

predicated on (7) holding uniformly, which in this context requires the delta method

to be reliable.

5.2 The variance

The form of the variance WTP bounds reported in Proposition 4 depends on the

implicitly defined points q⋆ and r⋆. In Lemma 1, we show that the bounds can also be

represented as the optimal values of two quadratic programs, each parameterized by

the vector of choice shares, s. We use this representation to show that the bounds are

differentiable in s.

Lemma 1. Suppose that both choke prices p0 and pJ+1 are finite, and let ν = (νl, νu) :

S → R2
+ map choice shares to the lower and upper bounds on the variance of WTP,
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as in Proposition 4. Then

(i) ν is continuously differentiable on int(S);

(ii) for every s ∈ S \ vert(S), ν is Hadamard directionally differentiable at s tangen-

tially to the tangent cone of S at s, and its directional derivative is a linear map

∇ν(s);

(iii) ∇ν is continuous on S \ vert(S).

Explicit expressions for ∇νl and ∇νu are given in the proof.

The proof of Lemma 1 is in Supplemental Appendix SA.1.

Lemma 1 allows us to apply the delta method, followed by the same Imbens–

Manski–Stoye approach as for the mean of WTP. Given Assumption RS, we have that

√
n(ν(ŝn)− ν(s))

d→ N (0,∇ν(s)Γ0∇ν(s)′),

where an expression for the Jacobian ∇ν(s) is given in the proof of Lemma 1. The cor-

responding plug-in estimator ∇ν(ŝn) is well-defined whenever the maximum likelihood

estimator exists and lies in Θ with probability approaching one under Assumption RS.

By the continuous mapping theorem, the asymptotic covariance matrix is consistently

estimable by ∇ν(ŝn)Γ̂n∇ν(ŝn)′, since ∇ν(s) is continuous on int(S). As in Section 5.1,

inference for the true parameter v(F ) follows from Stoye (2009), because the estimated

bounds ν(ŝn) cannot cross by construction.

5.3 The quantiles

While bounds on the mean and variance of WTP are given by differentiable functions

of choice shares, bounds on the quantiles of WTP are not, necessitating a different

approach to inference.

Consider the problem of testing the null hypothesis

H0j(r) : [pj , pj+1] ⊆ Q⋆(r),

for any j ∈ {0, . . . , J}. The following corollary uses the expression for Q⋆(r) given in

Proposition 3 to reformulate this null hypothesis as two inequalities involving choice

shares.

Corollary 1. Suppose that Assumptions RA, TC, and CP are satisfied. Then for

r ∈ [0, 1] and j ∈ {0, . . . , J}, [pj , pj+1] ⊆ Q⋆(r) if and only if sj ≤ r ≤ sj+1.
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Corollary 1 justifies writing

H0j(r) : sj − r ≤ 0 and r − sj+1 ≤ 0.

We can therefore construct confidence sets for WTP quantiles by inverting moment

inequality tests. These confidence intervals have the form

Cn(r) ≡
J⋃

j=0

{[pj , pj+1] : do not reject H0j(r) at level α}.

The coverage that we want to guarantee is for an arbitrary element of the set of

quantiles q(r, F ), where F is the true distribution of WTP.10 In particular, this guar-

antees coverage of the canonical point-valued definition of the rth quantile q(r, F ) ∈
q(r, F ). To see how this works with a confidence set like Cn(r) constructed from

test inversion, let q̃ ∈ Q⋆(r). Then there exists a k ∈ {0, . . . , J} such that q̃ ∈
[pk, pk+1] ⊆ Q⋆(r), so that the null hypothesis H0k(r) holds. If H0k(r) is not rejected,

then [pk, pk+1] ⊆ Cn(r), and so q̃ ∈ Cn(r). This means that

P [q̃ /∈ Cn(r)] ≤ P [reject H0k(r) at level α] ,

which is asymptotically at most α if the test of H0k(r) controls size.

Constructing such a test under Assumption FF requires first constructing an asymp-

totically normal estimator of the moments. Write the null hypothesis H0j(r) in terms

of the parameter θ0 for j ∈ {1, . . . , J − 1} as

H0j(r) : ϕj(θ0) ≤ 0, for ϕj(θ) ≡

[
h(pj ; θ)− L−1(r)

L−1(r)− h(pj+1; θ)

]
,

where we suppress the dependence of H0j and ϕj on r in the following.11 Let Aj ≡
∇ϕj(θ0) denote the 2 ×K Jacobian of ϕj at θ0, and let Âj ≡ ∇ϕj(θ̂n). By the delta

method, we have that

√
n(ϕj(θ̂n)− ϕj(θ0))

d→ N (0, AjΣ0A
′
j),

10An alternative is to cover the entire set q(r, F ). This would be equivalent to covering the entire identified
setQ⋆(r) itself, because there existsG ∈ F⋆ with q(r,G) = Q⋆(r); see the proof of Proposition 3 for additional
details. Focusing on an arbitrary element of q(r, F ) is therefore more consistent with our approaches for the
mean and variance, which are more standard in partial identification inference.

11For j = 0 and j = J , one of the two inequalities is vacuous, since s0 = 0 and sJ+1 = 1, so ϕj consists
only of the remaining component, and the maxima and minima below are taken over that single component.
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recalling that Σ0 is the asymptotic covariance matrix of θ̂n.
12

We implement the method proposed by Romano et al. (2014), which we briefly

outline for the test of H0j(r) and a fixed j ∈ {0, . . . , J}. Define the test statistic

Tnj ≡ max
{
diag{σ̂nj}−1√nϕj(θ̂n)

}
,

where σ̂nj ∈ R2 denotes the vector of estimated asymptotic standard deviations derived

from ÂjΣ̂nÂ
′
j , and the maximum is taken over the two components of the vector. We

reject H0j(r) when Tnj > ĉnj for some suitable critical value ĉnj . The critical value is

constructed by first constructing a level 1− δ upper confidence rectangle for ϕj(θ0),

Mnj ≡
{
µ ∈ R2 : µ ≤ ϕj(θ̂n) + ênj σ̂nj/

√
n
}
,

where δ ≪ α and ênj is the 1− δ quantile of max{N (0, Ω̂nj)}, with

Ω̂nj ≡ diag{σ̂nj}−1ÂjΣ̂nÂ
′
j diag{σ̂nj}−1.

Then the least favorable value of µ ∈Mnj consistent with H0j(r) is given by

µ⋆nj ≡ min
{
0, ϕj(θ̂n) + ênj σ̂nj/

√
n
}
,

where 0 ∈ R2 and the minimum is taken componentwise. The critical value ĉnj is the

1−α+δ quantile of max{N (diag{σ̂nj}−1√nµ⋆nj , Ω̂nj)}. The test rejects H0j(r) if some

component of µ⋆nj is equal to zero and Tnj > ĉnj . Checking if some component of µ⋆nj

is equal to zero ensures that we do not reject when every point in Mnj is consistent

with the null hypothesis.13

6 Inference Without Regular Shares

This section develops inference methods that are robust to failures of Assumption RS,

based on the binning estimator of the choice shares. A challenge that this creates for

inference is that the estimated choice shares can imply bounds for WTP features that

12Note that ϕj(θ) = Ajθ + bj is affine in the common case that the index h(p; θ) = α + βp is linear. In
this case, the delta method is not necessary.

13The first-step confidence set is intended to increase power against alternatives in which one inequality
is violated while the other is clearly slack. Typically, this costs power against alternatives in which both
inequalities are violated. However, notice that in our setting, these alternatives can only happen if sj > sj+1,
contrary to the model. This suggests that the two-step procedure of Romano et al. (2014) should perform
quite well in our setting, a finding that is supported by the Monte Carlo simulations in Supplemental
Appendix SA.2.
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cross or are not even well-defined.

6.1 The mean

With non-monotonic choice shares, the confidence interval Cn from Section 5.1 im-

plicitly embeds a specification test, meaning it will sometimes be empty or spuriously

precise (Stoye, 2021). To avoid this undesirable behavior, we use the method developed

by Stoye (2021) and report a 1− α confidence interval for mean WTP of the form

C̃n ≡
[
m̂l,n −

ĉnσ̂l,n√
n
, m̂u,n +

ĉnσ̂u,n√
n

]
∪ C⋆

n,

where C⋆
n is a standard 1− α confidence interval for the pseudo-true parameter

m⋆ ≡
[

σu
σl+σu

σl
σl+σu

]′
(As+ b),

with all of the quantities defined analogously to Section 5.1. The adjusted confidence

interval covers the pseudo-true parameter under misspecification, but it also prevents

the confidence interval from being empty or misleadingly short under correct specifica-

tion. The critical value ĉn is calibrated to ensure correct coverage while reducing the

conservative bias that arises from taking the union of two intervals, as in Stoye (2021,

Equation (2.2)). As long as the estimated correlation between m̂l,n and m̂u,n is not

too high (ρ̂n ≤ 0.8), we can simply use ĉn = Φ−1(1− α).

6.2 The variance

The analog estimator of the variance bounds is not even well-defined when the esti-

mated choice shares are non-monotonic. To address this, we construct an adjusted

estimator of the variance bounds that is linearized around the isotonic regression esti-

mator ΠS(ŝn) that projects ŝn onto the order polytope S according to some weighted

L2 norm. The adjusted estimator is

ν̂n(ŝn) ≡ ν(ΠS(ŝn)) +∇ν(ΠS(ŝn)) (ŝn −ΠS(ŝn)) , (8)

where ∇ν(s) is the Hadamard derivative found in Lemma 1. As we showed in that

lemma, this function is continuous on S \ vert(S), including for s ∈ bd(S), just not

at the vertices. The following proposition uses these results to derive the limiting

distribution of the adjusted estimator.

Proposition 5. Suppose that both choke prices p0 and pJ+1 are finite. Let ŝn be

the binning estimator of Section 4 and let ν̂n(ŝn) be the adjusted estimator (8) of the
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variance bounds. If s ∈ S \ vert(S), then

√
n(ν̂n(ŝn)− ν(s))

d→ N (0,∇ν(s)Γ0∇ν(s)′),

and ∇ν(ΠS(ŝn))Γ̂n∇ν(ΠS(ŝn))
′ is a consistent estimator of the asymptotic covariance

matrix.

As in Section 6.1, we combine Proposition 5 with the confidence interval of Stoye

(2021), because the estimated bounds can still cross with positive probability.

Proposition 5 excludes the possibility that the true choice shares s are a ver-

tex of S. This case seems empirically unlikely; the researcher would have to have

designed their experiment so badly that the true choice shares form a step vector

s = (0, . . . , 0, 1, . . . , 1), in which case the estimated choice shares ŝn will also be this

step vector. In this case, the data is only informative about the support of the WTP

distribution, which must lie entirely in the step region.

6.3 The quantiles

The method developed in Section 5.3 is designed for cases in which the population

choice shares are regular, but it does not require it, and it could be implemented even

if the estimated choice shares are not regular, as commonly happens with the binning

estimator. While doing so would not threaten size control, it has notable drawbacks,

because the approach tests H0j(r) by only using estimated shares at the nearby prices

pj and pj+1. If a tight parameterization is maintained via Assumption FF, then this

is sensible, because the estimated θ̂n already uses information from multiple prices.

Without such a parameterization, the test is not utilizing information at other prices,

even though their population shares are related through monotonicity. As a more

practical matter, using the method in Section 5.3 with shares that are not monotone

often leads to confidence sets that are the union of several disjoint intervals, which is

intuitively unappealing.14

A method that uses information from all of the shares together can be developed

by rewriting the null hypothesis as

H0j(r) : sk − r ≤ 0 ∀ k ∈ {0, . . . , j} and r − sk ≤ 0 ∀ k ∈ {j + 1, . . . , J + 1}.

This formulation is equivalent to the one in Section 5.3 because population choice shares

14Applying the method in Section 5.3 with the binning estimator produces disjoint confidence intervals
in roughly 75% of the cases we consider. The convex hull of these intervals tends to be considerably longer
than the intervals that use the method developed in this section.
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are assumed to be monotonically increasing. A test statistic based on this formulation

incorporates information from all of the shares through the full set of inequalities,

rather than restricting attention to just two components. The test statistic we use is

Tnj ≡ max{diag{dj} diag{ς̂n}−1√n(ŝn − r)},

where ς̂n denotes the vector of estimated asymptotic standard deviations derived from

Γ̂n, and dj ∈ RJ is the vector whose kth component is 1 for k ≤ j and −1 for k > j.

Lemma 3 in Appendix C shows that Tnj is unimodal as a function of the index

j, meaning that it is weakly decreasing up to a certain point, then weakly increasing

afterwards. This implies that the sublevel sets {j ∈ {0, . . . , J} : Tnj ≤ c} consist

of consecutive indices, so that confidence sets formed through test inversion will be

intervals.15 This property also suggests a natural estimator of the quantile bounds

because the set
⋃

j∈Ĵn
[pj , pj+1], where Ĵn ≡ argmin0≤j≤J Tnj , is a sample analog of

Q⋆(r) that is guaranteed to be a non-empty interval.

The two-step approach of Romano et al. (2014) proceeds in much the same way

as in Section 5.3. First, we construct a level 1 − δ upper confidence rectangle for

diag{dj}(s− r),

Mnj ≡ {µ ∈ RJ : µ ≤ diag{dj}(ŝn − r) + eς̂n/
√
n},

where δ ≪ α and e is the 1− δ quantile of max{N (0, I)}, with I denoting the J × J-

dimensional identity matrix (since Γ0 is a diagonal matrix for binning estimators of

the choice shares). The challenge now is to find the least favorable value of µ ∈ Mnj

consistent with both the null hypothesis H0j(r) and the model restriction that s ∈ S.16

The following proposition shows that, as in Romano et al. (2014), there is a single value

of µ that is least favorable.

Proposition 6. Let r ∈ [0, 1] and j ∈ {0, . . . , J}, and define µ⋆nj ∈ RJ by its compo-

15This reasoning can in principle be jeopardized by using the two-step approach of Romano et al. (2014),
which leads to critical values ĉnj that depend on j. In practice, we find that the critical value does not vary
enough with j to produce disconnected confidence sets.

16This restriction was not needed for the test in Section 5.3, because that test involved only sj and sj+1,
and H0j(r) already implies sj ≤ sj+1. Here it matters, because H0j(r) does not restrict the order of s1, . . . , sj
or of sj+1, . . . , sJ .
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nents

[µ⋆nj ]k = min
l∈{k,...,j}

{min{r, ŝl,n + eς̂l,n/
√
n}} − r for all k ∈ {1, . . . , j}, and

[µ⋆nj ]k = r − max
l∈{j+1,...,k}

{max{r, ŝl,n − eς̂l,n/
√
n}} for all k ∈ {j + 1, . . . , J}.

Then µ⋆nj ∈ Mnj is consistent with both H0j(r) and s ∈ S, and µ ≤ µ⋆nj for every

µ ∈Mnj that is consistent with both.

Since the critical value is weakly increasing in each component of µ, µ⋆nj yields the

largest critical value among all such µ. We compute ĉnj as the 1 − α + δ quantile of

max{N (diag{ς̂n}−1√nµ⋆nj , I)}, and reject H0j(r) if some component of µ⋆nj is equal to

zero and Tnj > ĉnj .

7 Re-evaluating the Value of Alternative Work Arrangements

In this section, we apply our methods to the binary choice experiment of Mas and

Pallais (2017), who measure how much workers value alternative work arrangements.

Supplemental Appendix SA.2 reports the results of a Monte Carlo simulation calibrated

to this experiment. We find that our confidence intervals are close to size-correct for

the mean and variance (standard deviation), while being conservative for quantiles.

7.1 Choice shares

Applicants to a national call center chose between a baseline position (40 hours, 9a.m.–

5p.m., Monday–Friday, on site) and a randomly selected alternative, with a randomly

assigned wage difference. We let Yi = 1 denote choosing the position with the amenity,

and Pi the hourly wage given up by doing so. In the four flexibility arms (a flexible

schedule, a flexible number of hours, working from home, and the three combined), the

amenity is the alternative position (Yi = 1). For employer discretion over scheduling,

part-time work (a 20-hour job), and overtime (a 50-hour job), which Mas and Pallais

(2017) treat as disamenities, it is the baseline position (Yi = 0), so WTP is the willing-

ness to pay to avoid the alternative. In every arm except overtime, the observed prices

run from −$5 to $5, in steps of $0.25 between −$3 and $3 and steps of $1 outside that

range.

Following Mas and Pallais (2017), we allow for applicants who did not read the

descriptions (were inattentive). We use their estimated inattention rates, which are

between 25% and 49%, depending on the arm, together with the adjustment in Ap-
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Figure 3: Estimated choice shares
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functions consistent with those shares. The region in gray lies outside of the support of observed prices.
Dashed lines mark the choke prices p0 = −$5.01 and pJ+1 = $10. The 50-hour arm has only two prices, so
the logit and binning estimates of choice shares are the same.

pendix A.17 Their inattention estimates assume that −$5 is a choke price, so that no

attentive applicant takes the dominated position when it pays $5 less. Following their

assumption, we set p0 = −$5.01, so that −$5 can be included in the grid of observed

prices. The upper choke price is pJ+1 = $10 in our main specification, and we also

report results when pJ+1 is set to $6 and $12. Figure 3 plots binning estimates of the

inattention-corrected shares together with the logit fit to these shares.

In the following, we compare three estimates of each feature of the WTP distribu-

tion: the logit point estimate of Mas and Pallais (2017); bounds under Assumption FF

with a logistic link and a linear index, which use the logit’s fitted shares but not its ex-

trapolation between and beyond the observed prices; and nonparametric bounds, which

use the binned shares. The first comparison shows how much the logit relies on extrap-

olation, and the second how much it relies on the logistic fit at the observed prices. We

17See Section II of Mas and Pallais (2017) for further details. We do not account for uncertainty in the
estimated inattention rates when performing inference.
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construct confidence intervals for the bounds that use the logit shares with the methods

in Section 5, and for the nonparametric bounds with the methods in Section 6. Figure

4 shows bounds on the mean and standard deviation for each amenity, while Figure 5

shows bounds on quantiles. Tables SA.2–SA.7 in Supplemental Appendix SA.3 report

all of our estimates numerically.

7.2 Flexibility

For three of the four flexibility arms, the lower nonparametric bound on mean WTP lies

above the logit estimate (Figure 4): [$0.65, $1.82] against $0.48 for a flexible schedule,

[$0.13, $0.82] against −$0.22 for flexible hours, and [$1.53, $3.00] against $1.33 for

working from home. These lower bounds do not depend on the assumed upper choke

price. Extrapolation does not explain the gap, because the estimated bounds when

using the logit shares contain the logit point estimate in every arm. Instead, the gap

comes from the logistic fit at the observed prices, which has difficulty matching both

the jump near zero and the mass above $5 (see Figure 3) that is present in each arm.

Mas and Pallais (2017, p. 3734) anticipate this problem, noting that “the logistic

CDF does not capture the extreme nonlinearity.” As a solution, they also estimate a

breakpoint model with a mass point at zero, which results in estimates of mean WTP

(their Online Appendix Table 4) that lie inside our bounds for a flexible schedule

($1.75), working from home ($1.72), and the combined arm ($1.42), and just below

them for flexible hours (−$0.01). Our bounds reach the same conclusion without

needing to assume a specific distribution of valuations.

The quantile bounds in Figure 5 tell a similar story. The median valuation for

a flexible schedule is estimated to be between $0 and $0.25 with a tight confidence

interval, supporting the conclusion of Mas and Pallais (2017) that most workers do

not value scheduling flexibility. However, larger quantiles lead to significantly wider

bounds, reflecting a long tail of individuals who do value flexibility. The logit distribu-

tion is unable to capture these individuals. Bounds on the standard deviation in Figure

4 show that the logit point estimates tend to understate dispersion for the flexibility

arms.

7.3 Employer discretion

Mas and Pallais (2017) find that the average applicant would give up 20% of wages to

avoid employer discretion, and that almost 40% would turn the job down even if it paid

25% more (Mas and Pallais, 2017, p. 3726). Figure 4 shows that their first conclusion

holds without the logit distributional assumption. The nonparametric lower bound on
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Figure 4: The mean and standard deviation of WTP
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model with a linear index in price, while green shows the same with binning estimates of the choice shares.An
× marks bound estimates that cross (lower above upper), which can happen when using binning estimates of
the choice shares due to sampling error.

mean WTP is $3.06, or 19% of wages, for any upper choke price, and its confidence

interval starts at $2.56. Figure 4 also shows that the logit distributional assumption

may lead them to understate how much the average applicant values avoiding employer

discretion. Because both the logit and the binning estimates allow for significant mass

above the highest observed price of $5, the upper bound on mean WTP depends heavily

on the upper choke price, rising from $3.56 to $6.25 as the upper choke price rises from

$6 to $12.

28



Figure 5: Quantiles of WTP
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7.4 Hours and overtime

Mas and Pallais (2017) estimate that the median applicant would give up $6.00 an

hour to avoid a 20-hour job, which implies a median value of time between 20 and 40

hours of $4, far below the $16 market wage (Mas and Pallais, 2017, p. 3741).18 Figure

3 shows that both logit and binning estimates have over 50% of applicants with WTP

above the highest observed price of $5. The implication is that the estimate of WTP to

avoid a 20-hour job depends heavily on how one extrapolates beyond $5. In particular,

the median WTP must be at least $5, but is otherwise restricted only by the upper

choke price. The distribution-free bounds strongly support the conclusion of Mas and

Pallais (2017) that most workers have a median value of time that is well below the

market wage.

Because they use a logit model, Mas and Pallais (2017) also estimate that the mean

18Following Mas and Pallais (2017, p. 3741, footnote 35), the value of time between 20 and 40 hours is
16− 2WTP. Analogously, the value of time between 40 and 50 hours is 16 + 5WTP.
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Table 1: Gender differences in mean WTP

Distribution-free bounds

pJ+1 Logit Logit shares Binned shares

Employer discretion $6 2.16 [1.06, 2.44] [1.49, 2.43]
[0.50, 3.81] [0.33, 3.19] [0.49, 3.35]

$10 [0.27, 4.04] [0.61, 4.91]
[−0.76, 5.39] [−0.95, 6.56]

$12 [−0.13, 4.83] [0.16, 6.15]
[−1.34, 6.53] [−1.79, 8.30]

Work from home $6 0.91 [0.55, 1.28] [0.00, 1.27]
[−0.11, 1.93] [−0.32, 2.12] [−1.98, 3.21]

$10 [0.48, 1.35] [0.53, 3.27]
[−0.56, 2.23] [−3.16, 7.79]

$12 [0.44, 1.39] [0.79, 4.27]
[−0.70, 2.30] [−4.04, 10.36]

Notes: Bounds on the difference in mean WTP (women minus men). For each arm and upper choke price,
the first row reports the logit point estimate or bound estimates, and the second row 95% CIs. The logit
estimates do not depend on the upper choke price.

WTP to avoid a 20-hour job is $6.00. Figure 4 shows that the distribution-free evidence

on the mean provides a somewhat different picture. It shows that the data is consistent

with a mean WTP that is as low as $3.23 for any upper choke price, which implies a

value of time of at most $9.54, closer to the $16 market wage.

The overtime arm offered only two prices, $1.60 and $3.20. Both jobs paid the same

$16 base wage, with the two prices reflecting overtime premiums from 1.5 or 2 times

the base wage, expressed per hour of a 50-hour week. This leaves estimates of the

mean, standard deviation, and most quantiles highly dependent on functional form.

The logit point estimate of mean WTP reported by Mas and Pallais (2017, Table 6) is

$0.88, which Figure 4 shows is only one of a range of possible mean WTPs consistent

with the data, between −$1.52 and $4.59. The implied value of time between 40 and

50 hours is $8.40 to $38.95, compared to the point estimate of $20.41 reported by Mas

and Pallais (2017, Table 6).

7.5 Gender differences

Mas and Pallais (2017) find that women are willing to pay twice as much as men to

avoid employer discretion, and more than twice as much to work from home, although

the latter difference is not statistically significant. Table 1 shows that both conclusions

are potentially driven by the functional form of the logit. The distribution-free lower

bounds on the difference in mean WTP to avoid employer discretion are near zero
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when the upper choke price is $10 or higher. Conversely, distribution-free bounds on

the difference in WTP to work from home contain a wide range of possibilities that

are driven by the choke price. Table SA.8 in Supplemental Appendix SA.3 shows that

there is also more evidence of differences by gender in WTP for other amenities when

using distribution-free bounds.

8 Conclusion

In this paper we have provided distribution-free methods for inference on features of the

distribution of WTP in binary choice experiments, such as contingent valuation stud-

ies. The methods are relatively straightforward to implement and provide confidence

intervals that seem to be not overly conservative. They allow researchers to assess the

extent to which distributional assumptions drive their conclusions about WTP. One

clear message is that distributional assumptions will tend to have a bigger impact when

there are fewer prices in the experiment, or when these prices do not adequately cover

the support of WTP. In a reanalysis of Mas and Pallais (2017), we found that some

of their headline results on the value for flexibility are supported by distribution-free

estimates, while other results on the value of overtime work and gender differences

seem to be driven by the functional form of the logit.
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A Identification with Inattention

Identifying the distribution of valuations from a discrete choice experiment is compli-

cated by the possibility that participants’ decisions are an imperfect proxy for their

actual market behavior. Recent experimental designs in labor economics, such as

those in Mas and Pallais (2017) and He et al. (2021), try to mitigate this concern

by embedding the field experiment in a real market setting, such as a job application

or advertisement. Nevertheless, there is still often a concern that some proportion of

participants are inattentive (Mas and Pallais, 2017). The observed choices of these par-

ticipants in the experiment might not coincide with what their actual market choices

would be. In this appendix, we show how to adjust the framework to accommodate

inattention.

We write potential choice outcomes for individual i as Yi(a, p) where a ∈ {0, 1}
represents attention and p ∈ P is a price, as before. Then Yi(1, p) represents their

(attentive) market choice, while Yi(0, p) represents their inattentive choice. Observed

choices are given by Yi ≡ Yi(Ai, Pi), where Ai is an unobserved indicator for whether

individual i is attentive or not.

We assume that market choices follow a threshold-crossing model, as in Section 2.2.

Assumption TCI. (Threshold crossing with inattention) For a pair of random

variables (Vi, Bi) on R × {0, 1}, potential market choices are given by

Yi(1, p) = 1[Vi > p] + 1[Vi = p]Bi.

By contrast, we leave inattentive choices unmodeled, requiring only that they satisfy

the following exclusion restriction.

Assumption EXI. (Exclusion restriction with inattention) For all p ∈ P,

P[Yi(0, p) = Yi(0, ·)] = 1 for some random variable Yi(0, ·) that does not depend on p.

We also modify Assumption RA accordingly for the new potential outcomes.

Assumption RAI. (Random assignment with inattention) Pi is independent of

{Ai, Yi(0, ·), Yi(1, p) : p ∈ P}.

Under Assumptions EXI and RAI, prices are randomly assigned and have no causal

effect on attentiveness, inattentive choices, or valuations. Combined with Assumption
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TCI, it follows that

P[Yi = 0 | Pi = p]

= P[(1−Ai)Yi(0, ·) +AiYi(1, p) = 0 | Pi = p]

= P[(1−Ai)Yi(0, ·) +Ai(1[Vi > p] + 1[Vi = p]Bi) = 0]

= P[Ai = 0]P[Yi(0, ·) = 0 | Ai = 0]

+ (1− P[Ai = 0])(P[Vi ≤ p | Ai = 1]− P[Vi = p,Bi = 1 | Ai = 1]).

Without further assumptions, the population distribution of valuations P[Vi ≤ p] is

not point identified at p ∈ P, even if we put aside tie-breaking issues (for instance, by

assuming P[Bi = 0] = 1). This is simply because we never observe market choices for

inattentive individuals, who constitute a non-random subset of the population.

A natural response is to shift the focus to identifying the distribution of valuations

among the attentive subpopulation. Let F (p) ≡ P[Vi ≤ p | Ai = 1] denote the

distribution of valuations among attentive individuals. For j ∈ {1, . . . , J}, define the

following inattention-adjusted choice shares

sj ≡ P[Yi(1, pj) = 0 | Ai = 1]

=
P[Yi = 0 | Pi = pj ]− P[Ai = 0]P[Yi(0, ·) = 0 | Ai = 0]

1− P[Ai = 0]
. (9)

All of our identification results from the main text immediately apply to this attentive

subpopulation by simply using the inattention-adjusted choice shares. The only change

is in interpretation: WTP now refers to the attentive subpopulation.

The inattention-adjusted choice shares need further assumptions to be point iden-

tified. The following two parameters need to be pinned down:

• P[Ai = 0], the proportion of individuals who are inattentive, and

• P[Yi(0, ·) = 0 | Ai = 0], the proportion of inattentive individuals who do not

choose the amenity.

These two parameters do not depend on price, so they can be identified from two

restrictions on the inattention-adjusted choice shares (9). There are three ways to

obtain these restrictions. The experiment can include choke prices at both ends of the

price grid, which is a finite-grid version of the approach in Hausman et al. (1998). It

can include a choke price at one end, and the researcher can assume a value for the

inattentive choice proportion P[Yi(0, ·) = 0 | Ai = 0]. Or, the parameters can be taken

from an auxiliary experiment. Mas and Pallais (2017) use the second route in most of
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their treatments and the third in the rest.

The first route involves strengthening Assumption CP so that the binary choice

experiment includes both lower and upper choke prices.

Assumption CPI. (Choke prices with inattention) The extremal observed prices

p1, pJ ∈ P are also choke prices, meaning

s1 ≡ P[Yi(1, p1) = 0 | Ai = 1] = 0,

and sJ ≡ P[Yi(1, pJ) = 0 | Ai = 1] = 1.

Under Assumptions RAI, EXI, TCI, and CPI, we have that

P[Ai = 0] = 1− (P[Yi = 0 | Pi = pJ ]− P[Yi = 0 | Pi = p1])

P[Yi(0, ·) = 0 | Ai = 0] =
P[Yi = 0 | Pi = p1]

1− (P[Yi = 0 | Pi = pJ ]− P[Yi = 0 | Pi = p1])
.

The inattention-adjusted choice shares sj are then point identified as

sj =
P[Yi = 0 | Pi = pj ]− P[Yi = 0 | Pi = p1]

P[Yi = 0 | Pi = pJ ]− P[Yi = 0 | Pi = p1]
.

Note that this route requires more than simply assuming that some hypothetical and

potentially infinite choke prices p0, pJ+1 exist, as in Assumption CP. The choke prices

actually need to have been included in the experiment.

Mas and Pallais (2017) take the second route. They assume that inattentive indi-

viduals make choices as if by flipping a fair coin, so P[Yi(0, ·) = 0 | Ai = 0] = 1/2.

In this case, only a single choke price is required to achieve point identification of

the inattention-adjusted choice shares. They assume that p1 = −$5 is a choke price:

no attentive applicant chooses the position without the amenity when it pays $5 less.

Then P[Yi = 0 | Pi = p1] = P[Ai = 0]/2, so the inattention rate is twice the share of

applicants who choose the dominated position. In effect, the coin-flip assumption takes

the place of an upper choke price. Mas and Pallais (2017) explicitly decline to treat

the upper end of their price grid as a choke price, “because there might be applicants

who have a strong preference for flexibility” (Mas and Pallais, 2017, p. 3738).

The 20- and 50-hour treatments in Mas and Pallais (2017) have no dominated

position, so neither the first nor the second route is available there. The authors

instead take the third route by imposing the average inattention rate from their other

treatments. This amounts to deducing P[Ai = 0] from an auxiliary experiment, under

an appropriate form of structural invariance across experiments. They continue to
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maintain the coin-flip assumption on the choices of the inattentive.

B Quantile Definitions and Binary Labels

Researchers make a seemingly innocuous practical decision of whether to code the

indicator of interest as Yi = 1 or Yi = 0 or, equivalently, whether to use Yi or 1 − Yi.

The convention used by Mas and Pallais (2017) is that the amenity Yi = 1 reflects the

researcher’s prior understanding of what constitutes a “good.” This assessment may

be based on economic theory if, for example, the amenity expands individuals’ choice

sets. However, if neither of the presented alternatives clearly dominates the other, the

definition of the choice indicator is less clear-cut.

This arbitrary decision does not affect identification of means or variances. Let

Wi = −Vi denote WTP under the alternative definition of the amenity, 1−Yi = 1, and

let FW and FV be the respective distributions of Wi and Vi. Then m(FW ) = −m(FV )

and v(FW ) = v(FV ) when these quantities exist, as one would expect.

However, for quantiles, the labeling choice does make a difference. For example,

consider the conventional single-valued definition q(r,G) ≡ inf{p ∈ R : G(p) ≥ r}, as
in Parzen (1979). Let a, b > 0, and suppose Vi equals −a or b with equal probability.

Then we have

q(0.5, FV ) = −a, and q(0.5, FW ) = −b,

meaning both median WTP for the amenity and median WTP to avoid the amenity

are negative. The reason that q leads to this conclusion is that relabeling swaps lower

and upper quantiles. Since FW (p) = 1 − limp′↑−p FV (p
′), the definitions of q and q in

Section 3.4 imply that

q(r, FW ) = −q(1− r, FV ) and q(r, FW ) = −q(1− r, FV )

for all r ∈ [0, 1].

Using the set-valued definition avoids this type of nonsensical conclusion, resulting

instead in

q(0.5, FV ) = [−a, b], and q(0.5, FW ) = [−b, a],

as one would intuitively expect. More generally,

q(r, FW ) = −q(1− r, FV ) ≡ {−p : p ∈ q(1− r, FV )}

for all r ∈ [0, 1], so that identified sets for quantiles under one labeling translate directly

into identified sets under the other.
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C Proofs

Proof of Proposition 1. Let j ∈ {0, . . . , J + 1}. By Assumptions RA and CP, we

have sj = P[Yi(pj) = 0], where choice shares sj are defined as in Section 3.1. By

Assumption TC, we have

P[Yi(pj) = 0] = P[1[Vi > pj ] + 1[Vi = pj ]Bi = 0]

= P[Vi ≤ pj ]− P[Vi = pj , Bi = 1] = P[Vi < pj ] + P[Vi = pj , Bi = 0].

Examining the last two equalities, we see that

P[Vi < pj ] ≤ sj ≤ P[Vi ≤ pj ].

We will use the above inequalities to develop bounds on F (p) = P[Vi ≤ p]. We will

then check that the proposed bounds are valid distribution functions on R. Finally,

we will verify that the proposed bounds are sharp.

First, consider the lower bound. For p ≥ pj , we have that

sj ≤ P[Vi ≤ pj ] ≤ P[Vi ≤ p],

since F (p) is weakly increasing. Recalling that sJ+1 = 1, it follows that the function

FL(p) ≡ 1[pJ+1 ≤ p] +
J∑

j=0

1[pj ≤ p < pj+1]sj

provides a lower bound for F (p), since F (p) ≥ 0.

Second, consider the upper bound. For p < pj , we have that

P[Vi ≤ p] ≤ P[Vi < pj ] ≤ sj ,

since P[Vi < pj ] may be expressed as the left limit

lim
p↑pj

P[Vi ≤ p] = P[Vi < pj ].

Recalling that s0 = 0, it follows that the function

FU(p) ≡ 1[pJ+1 ≤ p] +
J∑

j=0

1[pj ≤ p < pj+1]sj+1
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provides an upper bound for F (p), since F (p) ≤ 1.

We will now check that FL, FU ∈ F . First, notice that both bounds are right-

continuous by construction. In addition, FL(+∞) = FU(+∞) = 1, with FL(−∞) ≥ 0

and FU(−∞) ≥ 0 as required. Finally, both bounds are weakly increasing if sj ≤ sj+1

for all j ∈ {0, . . . , J}. But this follows immediately from our previous results, since

pj < pj+1 by assumption, so we have

sj ≤ P[Vi ≤ pj ] ≤ P[Vi < pj+1] ≤ sj+1,

as required.

All that remains is to verify that the proposed bounds are sharp. Consider G ∈ F
such that FL(p) ≤ G(p) ≤ FU(p) for all p ∈ R. We would like to show that there exists

a joint distribution of (Vi, Bi) on R×{0, 1} consistent with Assumptions RA, TC, CP,

and the observed distribution of Yi given Pi such that Vi has marginal distribution G.

Suppose that Vi has marginal distribution G. To ensure consistency with our as-

sumptions and observed choice shares, we must construct a conditional distribution of

Bi given Vi such that for j ∈ {0, . . . , J + 1}, we have

sj = P[Vi ≤ pj ]− P[Vi = pj , Bi = 1].

Substituting in the assumed distribution of Vi and rearranging, we see that we need

P[Vi = pj , Bi = 1] = G(pj)− sj .

So, to arrive at a valid distribution of Bi given Vi = pj , we must check that G(pj)− sj

is bounded between 0 and P[Vi = pj ]. By assumption, G(pj) ≥ FL(pj) = sj , which

implies that G(pj)− sj ≥ 0 as desired. In addition,

P[Vi = pj ] = P[Vi ≤ pj ]− P[Vi < pj ] = G(pj)− sj + sj − P[Vi < pj ].

By assumption,

P[Vi < pj ] = lim
p↑pj

G(p) ≤ lim
p↑pj

FU(p) = sj ,

which implies that sj − P[Vi < pj ] ≥ 0, and therefore that G(pj)− sj ≤ P[Vi = pj ] as

desired. So, for j ∈ {0, . . . , J + 1} such that P[Vi = pj ] > 0, let

P[Bi = 1 | Vi = pj ] =
G(pj)− sj
P[Vi = pj ]

,
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and let the conditional distribution of Bi given Vi be otherwise unrestricted. Then the

joint distribution of (Vi, Bi) is consistent with our assumptions and observed choice

shares, and Vi has marginal distribution G. It follows that the proposed bounds are

sharp, that is,

F⋆ = {G ∈ F : FL(p) ≤ G(p) ≤ FU(p) for all p ∈ R},

as desired. q.e.d.

Lemma 2. Suppose that Assumptions RA, TC, and CP are satisfied. For q ∈ [p0, pJ+1]

and r ∈ [0, 1], let FC,q and FD,r be the compressed and dispersed distributions intro-

duced in Section 3.5,

FC,q(p) ≡

FL(p), p < q,

FU(p), q ≤ p,
and FD,r(p) ≡


FU(p), p < q(r, FU),

r, q(r, FU) ≤ p < q(r, FL),

FL(p), q(r, FL) ≤ p.

Then FC,q ∈ F⋆ for every q ∈ [p0, pJ+1], and FD,r ∈ F⋆ for every r ∈ [0, 1]. Moreover,

q 7→ m(FC,q) is continuous, weakly increasing, and piecewise linear on [p0, pJ+1], with

m(FC,p0) = m(FU) and m(FC,pJ+1
) = m(FL).

Proof of Lemma 2. By Proposition 1, it suffices to show that FC,q and FD,r are

elements of F that lie between FL and FU. The latter property is clear for FC,q, which

equals FL or FU at every p, and for the outer pieces of FD,r. On the middle piece of

FD,r, it follows because p ≥ q(r, FU) and right-continuity of FU give FU(p) ≥ r, while

p < q(r, FL) gives FL(p) ≤ r. So it only remains to show that these two functions are

indeed distribution functions (elements of F).

Both FC,q and FD,r are right-continuous, because each piece in their definition is

right-continuous and each piece is defined on an interval that is closed on the left.

Both distributions are also equal to one at +∞, because FL(+∞) = FU(+∞) = 1.

The monotonicity of the compressed distribution, FC,q, follows from the monotonicity

of FL and FU, because FL(p) ≤ FU(p) ≤ FU(p
′) whenever p < q ≤ p′. The monotonicity

of the dispersed distribution, FD,r, follows for a similar reason, noting that FU(p) < r

for p < q(r, FU) by the definition of q(r, FU), and that FL(p) ≥ r for p ≥ q(r, FL), by

the definition of q(r, FL) and right-continuity of FL.

For the mean, let kq denote the index of the left-inclusive price “bin” in which q
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lies,

kq ≡ 1[q = pJ+1]J +
J∑

j=1

1[pj ≤ q < pj+1]j.

Since FC,q places the mass sj+1 − sj of bin j at pj+1 for j < kq, at q for j = kq, and at

pj for j > kq,

m(FC,q) =

kq−1∑
j=0

(sj+1 − sj)pj+1 + (skq+1 − skq)q +
J∑

j=kq+1

(sj+1 − sj)pj .

This is linear in q within each bin with slope skq+1 − skq ≥ 0, continuous across bins,

and equal to m(FU) and m(FL) at q = p0 and q = pJ+1; if a choke price is infinite,

continuity at that endpoint uses the convention 0×±∞ ≡ 0. When both choke prices

are finite, these properties also follow from Stoye (2010, proof of Theorem 2(i)). q.e.d.

Proof of Proposition 2. Given the characterization of F⋆ from Proposition 1,m(FU)

and m(FL) are the smallest and largest elements of M⋆ by Manski (2003, Proposition

1.4). Lemma 2 implies that M⋆ also contains every value between the two bounds

because each compressed distribution FC,q lies in F⋆ and its mean moves continuously

from m(FU) to m(FL) as q ranges over [p0, pJ+1].

The proposed expression for m(FU) follows because a random variable on R dis-

tributed according to FU is discrete and takes value pj with probability sj+1 − sj for

j ∈ {0, . . . , J}. Therefore,

m(FU) =

J∑
j=0

(sj+1 − sj)pj .

If p0 = −∞ and s1 = 0, the first summand equals 0 × −∞ ≡ 0, by convention. For

m(FL), a random variable on R distributed according to FL is discrete and takes value

pj with probability sj − sj−1 for j ∈ {1, . . . , J + 1}, so has

m(FL) =

J+1∑
j=1

(sj − sj−1)pj =

J∑
j=0

(sj+1 − sj)pj+1.

If pJ+1 = +∞ and sJ = 1, then the last summand equals 0×+∞ ≡ 0. q.e.d.

Proof of Proposition 3. Let G ∈ F⋆ and r ∈ [0, 1]. First, consider the lower bound.

39



By Proposition 1,

{p ∈ R : G(p) ≥ r} ⊆ {p ∈ R : FU(p) ≥ r},

so q(r, FU) = inf{p ∈ R : FU(p) ≥ r} ≤ inf{p ∈ R : G(p) ≥ r} = q(r,G).

Second, consider the upper bound. By Proposition 1,

{p ∈ R : G(p) ≤ r or p = −∞} ⊆ {p ∈ R : FL(p) ≤ r or p = −∞},

so q(r,G) = sup{p ∈ R : G(p) ≤ r or p = −∞}

≤ sup{p ∈ R : FL(p) ≤ r or p = −∞} = q(r, FL).

It follows that the proposed bounds are valid, that is,

q(r,G) = [q(r,G), q(r,G)] ⊆ [q(r, FU), q(r, FL)]

for any G ∈ F⋆.

To verify that the proposed bounds are sharp, consider the dispersed distribution

FD,r defined in Lemma 2. That result shows that FD,r ∈ F⋆. By construction, we

also know that q(r, FD,r) = [q(r, FU), q(r, FL)]. It follows that the proposed bounds are

sharp, that is,

Q⋆(r) =
[
q(r, FU), q(r, FL)

]
,

as claimed. Note that a single distribution FD,r attains both bounds on the rth quantile

simultaneously. The proposed expressions for each bound follow from

q(r, FU) = inf{p ∈ R : FU(p) ≥ r}

= 1[r = 0](−∞) + 1[r > 0]min{pj ∈ {p0, . . . , pJ} : sj+1 ≥ r}

= 1[r = 0](−∞) +

J∑
j=0

1[sj < r ≤ sj+1]pj ,

and q(r, FL) = sup{p ∈ R : FL(p) ≤ r or p = −∞}

= 1[r = 1](+∞) + 1[r < 1]max{pj ∈ {p1, . . . , pJ+1} : sj−1 ≤ r}

= 1[r = 1](+∞) +
J+1∑
j=1

1[sj−1 ≤ r < sj ]pj

= 1[r = 1](+∞) +
J∑

j=0

1[sj ≤ r < sj+1]pj+1,

using the convention that 0×±∞ ≡ 0.
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q.e.d.

Proof of Proposition 4. The structure is different for the upper and lower bounds.

(Lower bound) Lemma 2 shows that FC,q ∈ F⋆ for every q ∈ [p0, pJ+1], and that

m(FC,q) is a continuous, weakly increasing, and piecewise linear function of q, with

m(FC,p0) = m(FU) and m(FC,pJ+1
) = m(FL). With kq and the expression for m(FC,q)

as in the proof of that lemma, the variance of the compressed distribution around q is

v(FC,q) =

kq−1∑
j=0

(sj+1 − sj)p
2
j+1 + (skq+1 − skq)q

2 +
J∑

j=kq+1

(sj+1 − sj)p
2
j −m(FC,q)

2.

Furthermore, every G ∈ F⋆ with finite variance satisfies v(G) ≥ v(FC,c) for c =

m(G), so the variance lower bound is the smallest variance among compressed distri-

butions. To see this, let U ∼ Unif(0, 1) and V ≡ q(U,G), so that V ∼ G. Proposi-

tion 1 implies that limp↑pj G(p) ≤ sj ≤ G(pj) for each j, so V ∈ [pj , pj+1] whenever

U ∈ (sj , sj+1]. Similarly, Vc ≡ q(U,FC,c) is distributed according to FC,c and equals

the projection of c onto [pj , pj+1] whenever U ∈ (sj , sj+1], so |V − c| ≥ |Vc − c|. Since
c = m(G) is finite and the variance is the smallest mean squared deviation about any

point,19

v(G) = E[(V − c)2] ≥ E[(Vc − c)2] ≥ v(FC,c).

Define the function φ : [m(FU),m(FL)] → R+ that maps the means of compressed

distributions to their variances,

φ(m(FC,q)) = v(FC,q) for all q ∈ [p0, pJ+1] such that v(FC,q) exists,

with φ(±∞) ≡ +∞ whenever ±∞ ∈ {m(FU),m(FL)}. Then φ is not only well-defined

and continuous, but also convex on its domain. By contrast, v(FC,q) is continuous and

piecewise quadratic, but not necessarily convex as a function of q ∈ [p0, pJ+1].

To verify convexity of φ, it suffices to show that its right derivative ∂+φ exists and is

weakly increasing on [m(FU),m(FL))∩R; convexity then extends to the closed domain

because φ is continuous with φ(±∞) = +∞. To this end, for µ ∈ [m(FU),m(FL)) let

lµ denote the index of the left-inclusive mean “bin” in which µ lies,

lµ ≡
J∑

j=1

1[m(FC,pj ) ≤ µ < m(FC,pj+1)]j.

19When both choke prices are finite, this also follows from Stoye (2010, Theorem 2(i)); the direct argument
is needed because Stoye assumes that the bounding distributions have finite means, which fails when a choke
price is infinite.
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Then there is a unique q ∈ [plµ , plµ+1) satisfying m(FC,q) = µ, namely

qµ ≡
µ−

∑lµ−1
j=0 (sj+1 − sj)pj+1 −

∑J
j=lµ+1(sj+1 − sj)pj

slµ+1 − slµ
.

Substituting qµ into our expression for v(FC,q) and taking the right derivative with

respect to µ, we get that

∂+φ(µ) = 2(qµ − µ).

Consider j ∈ {0, . . . , J} withm(FC,pj ) < m(FC,pj+1), or equivalently with sj+1−sj > 0.

Then ∂+φ is weakly increasing on [m(FC,pj ),m(FC,pj+1)), since the coefficient on µ in

the above expression is non-negative,

sj+1 − sj ∈ (0, 1] =⇒ 2

(
1

sj+1 − sj
− 1

)
≥ 0.

In addition, suppose m(FC,pj ) > m(FU). Then

lim
µ↑m(FC,pj

)
∂+φ(µ) = 2(pj+1 −m(FC,pj ))

where j ≡ max{k ∈ {0, . . . , j − 1} : sk+1 − sk > 0}.

It follows that ∂+φ may jump up (but not down) at m(FC,pj ), that is,

lim
µ↑m(FC,pj

)
∂+φ(µ) ≤ ∂+φ(m(FC,pj )) = 2(pj −m(FC,pj )).

As a result, ∂+φ must be weakly increasing on [m(FU),m(FL)), so φ is convex on

[m(FU),m(FL)], as desired.

It remains to show that φ is minimized at m(FC,q⋆) whenever q
⋆ ∈ [p1, pJ ] satisfies

m(FC,q⋆) = q⋆. Such a q⋆ must exist because q − m(FC,q) is continuous and weakly

increasing on [p1, pJ ] with p1 −m(FC,p1) ≤ 0 and pJ −m(FC,pJ ) ≥ 0. First, suppose

that m(FC,q⋆) /∈ {m(FC,pj )}
J+1
j=0 . Then φ is differentiable at m(FC,q⋆), with

φ′(m(FC,q⋆)) = 2(q⋆ −m(FC,q⋆)) = 0,

so we conclude that q⋆ is optimal in this case. Now, suppose that m(FC,q⋆) = m(FC,pj )

for some j ∈ {0, . . . , J + 1}; if there are multiple such indices j, pick the largest one.

Then if m(FC,q⋆) < m(FL), we have that

∂+φ(m(FC,q⋆)) = 2(pj −m(FC,q⋆)) ≥ 2(q⋆ −m(FC,q⋆)) = 0,
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while if m(FC,q⋆) > m(FU), we have that

∂−φ(m(FC,q⋆)) = lim
µ↑m(FC,q⋆ )

∂+φ(µ) = 2(pj+1 −m(FC,q⋆)) ≤ 2(q⋆ −m(FC,q⋆)) = 0,

where j is defined as before. Both of the above inequalities follow from the fact that

m(FC,q⋆) = q⋆ =⇒ q⋆ ∈ [pj+1, pj ]. But then q
⋆ must be optimal, because ifm(FC,q⋆) ∈

{m(FU),m(FL)} the relevant Karush–Kuhn–Tucker conditions are satisfied, while if

m(FC,q⋆) ∈ (m(FU),m(FL)) the subdifferential of φ at m(FC,q⋆) contains zero, as

required.

The final claim is that q⋆ is unique unless sk = 0 and sk+1 = 1 for some k ∈
{1, . . . , J −1}. For q ∈ [pk, pk+1), the slope of q−m(FC,q) in q is 1− (sk+1−sk), which
is strictly positive unless sk = 0 and sk+1 = 1. If no k ∈ {1, . . . , J − 1} has sk = 0

and sk+1 = 1, then q −m(FC,q) is strictly increasing on [p1, pJ ] and has exactly one

root there. If there is a k such that sk = 0 and sk+1 = 1, then all of the mass lies in

[pk, pk+1], every q in that interval solves m(FC,q) = q, and the variance lower bound is

zero.

(Upper bound) First, we will establish that the upper variance bound is infinite

when either choke price is infinite. Suppose pJ+1 = +∞ and sJ < 1 (otherwise we may

set pJ+1 to be finite without loss of generality). Define the following distribution:

F (p) ≡

FL(p), p < pJ ,

1− (1− sJ)/(1 + p− pJ)
2, pJ ≤ p.

Then F ∈ F⋆ with v(F ) = +∞. To see this, suppose V is distributed according to

F . Then conditional on V > pJ , the random variable 1 + V − pJ follows a Pareto

distribution with scale parameter 1 and shape parameter 2, which has finite mean but

infinite variance. Since V is bounded conditional on V ≤ pJ and P[V > pJ ] = 1−sJ >
0, it follows that v(F ) = +∞, as desired. Note that it does not suffice to simply

consider FL instead of F , since v(FL) is undefined. Every value in [v(FC,q⋆),+∞) can

be attained by a distribution that coincides with FC,q⋆ except that half of the mass

1 − sJ that it places on pJ is moved to pJ + t for an appropriate t ≥ 0. A symmetric

construction establishes that the upper variance bound is also infinite when p0 = −∞
and s1 > 0.

Now, consider the case in which both choke prices p0, pJ+1 are finite. By Stoye

(2010, Theorem 2(i)), which applies in the case that both choke prices are finite, the

variance upper bound is supr∈[0,1] v(FD,r). By Lemma 2, FD,r ∈ F⋆ for every r ∈ [0, 1].

We will express m(FD,r) and v(FD,r) as functions of r ∈ [0, 1] that depend on prices
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and choice shares. To this end, let kr denote the index of the right-inclusive choice

share “bin” in which r lies,

kr ≡
J∑

j=1

1[sj < r ≤ sj+1]j.

From the definition of the dispersed distribution around r, we see that

m(FD,r) =

kr−1∑
j=0

(sj+1 − sj)pj + (r − skr)pkr + (skr+1 − r)pkr+1

+
J∑

j=kr+1

(sj+1 − sj)pj+1,

v(FD,r) =

kr−1∑
j=0

(sj+1 − sj)p
2
j + (r − skr)p

2
kr + (skr+1 − r)p2kr+1

+
J∑

j=kr+1

(sj+1 − sj)p
2
j+1 −m(FD,r)

2.

Observe that m(FD,r) is continuous, strictly decreasing (since pkr − pkr+1 < 0 when-

ever skr+1− skr > 0), and piecewise linear in r, with m(FD,0) = m(FL) and m(FD,1) =

m(FU). Define the function ψ : [m(FU),m(FL)] → R+ that maps means in the identi-

fied set to the corresponding variance upper bound,

ψ(m(FD,r)) = v(FD,r) for all r ∈ [0, 1].

We will establish that ψ is strictly concave on its domain by showing that its right

derivative ∂+ψ exists and is strictly decreasing on [m(FU),m(FL)). To this end, for

µ ∈ [m(FU),m(FL)) let lµ denote the index of the left-inclusive mean “bin” in which

µ lies,

lµ ≡
J∑

j=1

1[m(FD,sj+1) ≤ µ < m(FD,sj )]j.

Then there is a unique r ∈ (slµ , slµ+1] satisfying m(FD,r) = µ, namely

rµ ≡
slµplµ − slµ+1plµ+1 + µ−

∑lµ−1
j=0 (sj+1 − sj)pj −

∑J
j=lµ+1(sj+1 − sj)pj+1

plµ − plµ+1
.

Substituting rµ into our expression for v(FD,r) and taking the right derivative with
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respect to µ, we get that

∂+ψ(µ) =
p2lµ − p2lµ+1

plµ − plµ+1
− 2µ = plµ + plµ+1 − 2µ.

Consider j ∈ {0, . . . , J} with m(FD,sj+1) < m(FD,sj ). Then ∂+ψ is strictly decreasing

on [m(FD,sj+1),m(FD,sj )) since the coefficient on µ in the above expression is −2 < 0.

In addition, suppose m(FD,sj+1) > m(FU). Then

lim
µ↑m(FD,sj+1

)
∂+ψ(µ) = pj + pj+1 − 2m(FD,sj+1)

where j ≡ min{k ∈ {j + 1, . . . , J} : sk+1 − sk > 0}.

It follows that ∂+ψ jumps down at m(FD,sj+1), that is,

lim
µ↑m(FD,sj+1

)
∂+ψ(µ) > ∂+ψ(m(FD,sj+1)) = pj + pj+1 − 2m(FD,sj+1).

As a result, ∂+ψ must be strictly decreasing on [m(FU),m(FL)), so ψ is strictly concave

on [m(FU),m(FL)], as desired.

It remains to show that ψ is maximized at m(FD,r⋆) whenever r
⋆ ∈ (0, 1) satisfies

either m(FD,r⋆) = q(r⋆, FM) or FM(m(FD,r⋆)) = r⋆. Such an r⋆ must exist since

m(FD,r) is continuous and strictly decreasing on [0, 1], with m(FD,0) > q(0, FM) and

m(FD,1) < q(1, FM). First, suppose that m(FD,r⋆) = q(r⋆, FM). Following the same

argument as in Proposition 3, we may write

q(r, FM) = 1[r = 1](+∞) +

J∑
j=0

1[sj ≤ r < sj+1]
pj + pj+1

2
.

So, r⋆ ∈ (0, 1) satisfies pj + pj+1 − 2m(FD,r⋆) = 0, where j ∈ {0, . . . , J} is the index

of the left-inclusive choice share “bin” in which r⋆ lies. This implies that the left

derivative of ψ at m(FD,r⋆) is equal to zero,

∂−ψ(m(FD,r⋆)) = lim
µ↑m(FD,r⋆ )

∂+ψ(µ) = 0,

so we may conclude that r⋆ is optimal in this case. Now, suppose instead that

FM(m(FD,r⋆)) = r⋆. Then r⋆ = sj+1 ∈ (0, 1) for some j ∈ {0, . . . , J − 1}; if there
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are multiple such indices j, pick the smallest one. Then

∂+ψ(m(FD,r⋆)) = pj + pj+1 − 2m(FD,r⋆) ≤ 0

and ∂−ψ(m(FD,r⋆)) = pj + pj+1 − 2m(FD,r⋆) > 0

where j is defined as before, and the inequalities follow from the definition of FM. So

r⋆ is optimal, since the subdifferential of −ψ at m(FD,r⋆) contains zero, as required.

The claim that r⋆ is unique follows because ψ is strictly concave, so it has a unique

maximizer µ⋆. Becausem(FD,r) is strictly decreasing in r, exactly one r ∈ [0, 1] satisfies

m(FD,r) = µ⋆. We have shown that every r⋆ satisfying either condition in the statement

maximizes ψ at m(FD,r⋆), so there is only one such r⋆. q.e.d.

Proof of Corollary 1. The claim is that

[pj , pj+1] ⊆ Q⋆(r) ⇐⇒ sj − r ≤ 0 and r − sj+1 ≤ 0.

By Proposition 3, we have that

[pj , pj+1] ⊆ Q⋆(r) ⇐⇒ q(r, FU) ≤ pj and pj+1 ≤ q(r, FL).

We first establish that q(r, FU) ≤ pj ⇐⇒ sj+1 ≥ r. Recall from the proof of

Proposition 3 that

q(r, FU) = 1[r = 0](−∞) + 1[r > 0]min{pk ∈ {p0, . . . , pJ} : sk+1 ≥ r},

which shows that the ⇐= direction follows immediately. Conversely, suppose that

q(r, FU) ≤ pj . Then either r = 0, in which case sj+1 ≥ r holds trivially, or r > 0

so there exists k ∈ {0, . . . , J} with pk ≤ pj and sk+1 ≥ r. It follows that sj+1 ≥ r,

because choice shares must be monotonically increasing.

The same argument, applied to the expression for q(r, FL) in the proof of Proposition

3, shows that pj+1 ≤ q(r, FL) ⇐⇒ sj ≤ r. q.e.d.

Proof of Proposition 5. We first record some properties of the isotonic regression

estimator that are used in the proof. Let TS(s) denote the tangent cone of S at s.

Because S is closed and convex, ΠS is Hadamard directionally differentiable at every

s ∈ S, and its directional derivative is the projection ΠTS(s) onto TS(s) (see, for

example, Fang and Santos, 2019, Section 4). Since ΠS(s) = s and
√
n(ŝn − s) →d
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N (0,Γ0), Fang and Santos (2019, Theorem 2.1) implies that

√
n(ΠS(ŝn)− s)

d→ ΠTS(s)(N (0,Γ0)),

a limit supported on TS(s). In particular,
√
n(ΠS(ŝn)− s) = Op(1) and ΠS(ŝn) →p s.

Since s /∈ vert(S), it follows that ΠS(ŝn) /∈ vert(S) with probability approaching one,

so that ν̂n(ŝn) is well-defined with probability approaching one.

Now we proceed to analyze the estimator (8) by first centering it around ν(s),

adding and subtracting s, then scaling by
√
n to obtain

√
n(ν̂n(ŝn)− ν(s)) = ∇ν(ΠS(ŝn))

√
n(ŝn − s) + rn

where rn ≡
√
n(ν(ΠS(ŝn))− ν(s)−∇ν(ΠS(ŝn))(ΠS(ŝn)− s)).

Since ΠS(ŝn) →p s and ∇ν is continuous at s ∈ S \ vert(S), we have that ∇ν(ΠS(ŝn))

is consistent for ∇ν(s) by the continuous mapping theorem. By Slutsky’s theorem, we

conclude that the first term converges to the desired limiting distribution,

∇ν(ΠS(ŝn))
√
n(ŝn − s)

d→ N (0,∇ν(s)Γ0∇ν(s)′).

It remains to show that rn →p 0, which delivers the conclusion from Slutsky’s

theorem. From Lemma 1, we know that because s ∈ S \ vert(S), ν is Hadamard

directionally differentiable at s tangentially to TS(s). That result also shows that its

directional derivative is given by the linear map ∇ν(s). Applying Fang and Santos

(2019, Theorem 2.1) again, now to ν, we have that

√
n(ν(ΠS(ŝn))− ν(s))−∇ν(s)

√
n(ΠS(ŝn)− s)

p→ 0,

since
√
n(ΠS(ŝn)−s) converges in distribution to a limit supported on TS(s), as shown

above. Adding and subtracting to rn then applying this observation gives

rn = (∇ν(s)−∇ν(ΠS(ŝn)))
√
n(ΠS(ŝn)− s) + op(1) = op(1)Op(1) + op(1) = op(1),

because ∇ν(s)−∇ν(ΠS(ŝn)) is op(1), as previously discussed, and
√
n(ΠS(ŝn)− s) is

Op(1).

That ∇ν(ΠS(ŝn))Γ̂n∇ν(ΠS(ŝn))
′ is a consistent estimator of the asymptotic co-

variance matrix follows from the continuous mapping theorem and the consistency of

Γ̂n (Section 4). q.e.d.

Lemma 3. For any z ∈ RJ , let T (j) ≡ max{z1, . . . , zj ,−zj+1, . . . ,−zJ} and k ∈
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argmin0≤j≤J T (j). Then T is weakly decreasing on {0, . . . , k} and weakly increasing

on {k, . . . , J}. In particular, this holds for T (j) = Tnj , the test statistic in Section 6.3.

Proof of Lemma 3. For j ∈ {0, . . . , J}, let

T (j) ≡ max{z1, . . . , zj ,−zj+1, . . . ,−zJ},

where z ∈ RJ is an arbitrary vector, and let k ∈ argmin0≤j≤J T (j). We will show that

T is weakly increasing on {k, . . . , J}.
Let l ∈ {k, . . . , J} be the first index such that T (l) ̸= T (k); if no such l exists, we are

done. Then it must be the case that T (l) > T (k), since T (k) is minimal by assumption.

It follows that T (l) = zl, since all other components also appear in the expression for

T (l − 1) = T (k). Now, let m ∈ {l, . . . , J} be the first index such that T (m) ̸= T (l); if

no such m exists, we are done. Then it must be the case that T (m) > T (l), since the

expression for T (m) includes the component zl = T (l). It follows that T (m) = zm, by

the same reasoning as before. The desired conclusion follows by induction.

A symmetric argument establishes that T is weakly decreasing on {0, . . . , k}. Set-

ting z = diag{ς̂n}−1√n(ŝn− r) gives T (j) = Tnj , so the above argument applies to the

test statistic proposed in Section 6.3. q.e.d.

Proof of Proposition 6. The first-step upper confidence rectangle for diag{dj}(s−
r) is given by

Mnj ≡ {µ ∈ RJ : µ ≤ diag{dj}(ŝn − r) + eς̂n/
√
n}.

Let the “feasible set” denote the set of µ ∈Mnj consistent with both the null hypothesis

H0j(r) and the restriction that s ∈ S. Since diag{dj} is its own inverse, a vector µ is

feasible if and only if µ = diag{dj}(s̃− r) for some s̃ ∈ S such that

s̃k ≤ min{r, ŝk,n + eς̂k,n/
√
n} for all k ∈ {1, . . . , j}, and (10)

s̃k ≥ max{r, ŝk,n − eς̂k,n/
√
n} for all k ∈ {j + 1, . . . , J}. (11)

Romano et al. (2014) exploit the fact that the critical value ĉnj is weakly increasing in

each component of µ to arrive at a simple closed-form expression for the least favorable

value µ⋆nj . This requires a feasible µ⋆nj such that µ ≤ µ⋆nj for all µ in the feasible set.
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We claim that such a µ⋆nj exists in the current setting as well, and is given by

[µ⋆nj ]k = min
l∈{k,...,j}

{min{r, ŝl,n + eς̂l,n/
√
n}} − r for all k ∈ {1, . . . , j}, and

[µ⋆nj ]k = r − max
l∈{j+1,...,k}

{max{r, ŝl,n − eς̂l,n/
√
n}} for all k ∈ {j + 1, . . . , J}.

Consider the corresponding s⋆nj ≡ diag{dj}µ⋆nj + r. Then s⋆nj satisfies (10) and (11)

by construction. We also have that s⋆nj ∈ S, because the cumulative minimum over

fewer and fewer elements must weakly increase, the cumulative maximum over more

and more elements must also weakly increase, and [s⋆nj ]j ≤ r ≤ [s⋆nj ]j+1, with all

components in [0, 1] since r and each ŝl,n lie in [0, 1]. So, the proposed µ⋆nj is indeed

feasible.

Now, suppose for the sake of contradiction that there exists a feasible µ ∈ RJ with

µk > [µ⋆nj ]k for some k ∈ {1, . . . , J}, and let s̃ ≡ diag{dj}µ+r. Suppose k ∈ {1, . . . , j}.
Then we must have s̃k > min{r, ŝl,n+eς̂l,n/

√
n} for some l ∈ {k, . . . , j}. The right-hand

side of this inequality must be an upper bound for s̃l by (10), but s̃l ≥ s̃k since s̃ ∈ S,
so we have reached a contradiction. Suppose instead that k ∈ {j +1, . . . , J}. Then we

must have s̃k < max{r, ŝl,n − eς̂l,n/
√
n} for some l ∈ {j + 1, . . . , k}. The right-hand

side of this inequality must be a lower bound for s̃l by (11), but s̃l ≤ s̃k since s̃ ∈ S,
so we have reached a contradiction. We conclude that µ ≤ µ⋆nj for all µ in the feasible

set. Arguing as in Romano et al. (2014), then, µ⋆nj is least favorable in the sense that

it yields the largest possible critical value ĉnj among all values µ in the feasible set.

q.e.d.
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SA.1 Proof of Lemma 1

Proof of Lemma 1. Suppose that both choke prices are finite, so that the population

bounds are non-trivial. Denote the function that maps choice shares to bounds on the

variance of WTP by ν : S → R2
+, so that

ν(s) =

[
v(FC,q⋆)

v(FD,r⋆)

]

where v(FC,q⋆) and v(FD,r⋆) are defined as in Proposition 4. The proof of Lemma 1 is

somewhat different for the lower and upper bounds.

(Lower bound) To prove that the lower variance bound is continuously differen-

tiable in s, we will provide an alternative characterization of the bound as the optimal

value of a weakly convex quadratic program. Define the (J+1)×J-dimensional matrix

D ≡


1 −1 0 · · · 0 0

0 1 −1 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 1 −1


′

,

along with the following vectors in RJ+1,

p ≡
[
p0 · · · pJ

]′
, p ≡

[
p1 · · · pJ+1

]′
, e ≡

[
0 · · · 0 1

]′
, f ≡ Ds+ e.

Observe that f ≥ 0 with 1′f = 1, so f lies in the J-simplex

∆J ≡ {f ∈ RJ+1 : f ≥ 0,1′f = 1}.

It will be convenient to parameterize the program in terms of f , rather than s. In

particular, the variance lower bound can be expressed as

v(FC,q⋆) = min
η∈[0,1]J+1

p′(diag{f} − ff ′)p

s.t. p = p+ diag{p− p}η. (12)

To see this, notice that the objective of the above program corresponds to the variance

of a discrete random variable supported on p with probability mass function f , where

p ≤ p ≤ p. By construction, the set of all such distributions is a subset of F⋆, but a

superset of the set of all compressed distributions {FC,q : q ∈ [p0, pJ+1]}. So by Stoye
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(2010), the optimized objective must equal v(FC,q⋆); that is, the optimal compressed

distribution FC,q⋆ corresponds to a discrete random variable supported on p⋆ with

probability mass function f , where p⋆ is optimal for the above program.

Suppose that f > 0. In this case, we will show that the solution p⋆ is unique. First,

notice that the matrix diag{f}− ff ′ is positive semidefinite, and that its null space is

spanned by the constant vector 1 ∈ RJ+1. It follows that p⋆ must be unique up to a

constant. Now, suppose for the sake of contradiction that p⋆ + c is feasible for some

c > 0. Then we must have p⋆ < p. Consider the gradient of the objective with respect

to p⋆,

2p⋆′(diag{f} − ff ′) = 2(p⋆ − f ′p⋆)′ diag{f}.

Since p⋆ is optimal by assumption, it must be the case that the above gradient is non-

negative; otherwise, we could decrease the objective by increasing some component of

p⋆, which is feasible since p⋆ < p. But this implies that p⋆ ≥ f ′p⋆, and therefore that

p⋆ is a constant vector, because f > 0. Note that this is infeasible if J ≥ 2, since

p1 < p2 by assumption. If J = 1, then we must have p⋆ = [p1, p1]
′, which contradicts

the fact that p⋆ < p. A symmetric argument applies for c < 0, so we have reached a

contradiction, as desired. We conclude that p⋆ is unique whenever f > 0, and f has at

least two components.

Following Oyama and Takenawa (2018), we can now apply Danskin’s theorem to

conclude that the value function of the program given by (12), call it νl(f), is in fact

differentiable whenever f > 0, with derivative given by the usual envelope formula.

To verify the conditions of the theorem, observe that the set [0, 1]J+1 is compact, the

objective is differentiable in η and f , and the partial derivative of the objective with

respect to f is continuous in η and f . Since p⋆ is unique, we have that

∇νl(f) = p⋆′ diag{p⋆ − 2f ′p⋆}.

So, we have shown that νl is differentiable on int(∆J). We must now make precise the

sense in which νl is also differentiable on bd(∆J) \ vert(∆J), where vert(∆J) denotes

the vertices of the simplex.

Suppose some subvector of f , call it fJ , is equal to zero, while the remaining

components f−J are strictly positive. Then so long as f−J contains at least two

components, we may apply our previous argument to conclude that p⋆−J is unique.

On the other hand, the subvector p⋆J must satisfy pJ ≤ p⋆J ≤ pJ , but is otherwise

unrestricted. By Danskin’s theorem, the Hadamard directional derivative of νl with
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respect to f in the direction h is given by

∇hνl(f) = min
p
p′ diag{p− 2f ′p}h

s.t. pJ ≤ pJ ≤ pJ and p−J = p⋆−J .

Note that it is important that we restrict attention to directions h that lie in the

tangent cone of ∆J at f . This is because the theoretical object that νl represents is

not well-defined outside of ∆J . As a result, the behavior of νl outside of ∆J depends

on the particular representation of the variance lower bound that we have chosen in

(12), which is analytically convenient but otherwise arbitrary. It suffices to consider

directions h with hJ ≥ 0, in which case the above optimization problem can be solved

coordinatewise for each j ∈ J to get

p⋆J ≡ max{pJ ,min{pJ , f ′p⋆}}, (13)

keeping in mind that the quantity f ′p⋆ = f ′−J p
⋆
−J does not depend on p⋆J . Notice

that the above solution does not depend on the choice of direction h. So, νl(f) is

differentiable on the boundary of the simplex ∆J in the sense that the Hadamard

directional derivative of νl at f is given by a linear map when restricted to directions

h that lie in the tangent cone of ∆J at f .

All that remains is to consider the case in which f−J only contains a single com-

ponent, that is, f is a vertex of ∆J . Then p⋆−J is not unique, and νl need not be

differentiable at f in the sense given in the previous paragraph.20 Since s 7→ Ds+ e is

an affine bijection from S onto ∆J that maps vert(S) onto vert(∆J), these are exactly

the points excluded in the statement of Lemma 1.

20For example, let J = 2 and f = [0, 1, 0]′, so that νl(f) = 0. Every direction in the tangent cone of ∆J

at f has the form h = [h1,−(h1 + h3), h3]
′ with h1, h3 ≥ 0. Suppose they are not both zero. For small

t > 0, νl(f + th) is the smallest variance of a random variable that places mass th1, 1 − t(h1 + h3), and
th3 on points x1 ∈ [p0, p1], x2 ∈ [p1, p2], and x3 ∈ [p2, p3], respectively. Taking x1 = p1, x3 = p2, and
x2 = m ≡ (h1p1 + h3p2)/(h1 + h3), and bounding the variance by the second moment about m, shows that
νl(f + th) ≤ t h1(p1 −m)2 + t h3(p2 −m)2. Conversely, for any feasible x with mean µ, the variance is at
least

t
[
h1(x1 − µ)2 + h3(x3 − µ)2

]
≥ t

h1h3
h1 + h3

(x3 − x1)
2 ≥ t

h1h3
h1 + h3

(p2 − p1)
2,

where the first inequality minimizes over µ and the second uses x1 ≤ p1 < p2 ≤ x3. The upper bound equals
the same quantity, so

νl(f + th) = t
h1h3
h1 + h3

(p2 − p1)
2.

The directional derivative h 7→ h1h3

h1+h3
(p2 − p1)

2 is therefore not linear: it is zero in the directions [1,−1, 0]′

and [0,−1, 1]′, but is equal to (p2 − p1)
2/2 in the direction [1,−2, 1]′ given by their sum.
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We conclude by restating our results in terms of choice shares. Recall that S ≡
{s ∈ RJ : 0 ≤ s1 ≤ · · · ≤ sJ ≤ 1}. Then the variance lower bound is differentiable

when viewed as a function of choice shares νl : S → R+, except perhaps at the vertices

of S. The derivative is given by

∇νl(s) = p⋆′ diag{p⋆ − 2(Ds+ e)′p⋆}D,

where p⋆ solves the quadratic program given by (12). Let

J ≡ {j ∈ {1, . . . , J + 1} : (Ds+ e)j = 0}.

Then the corresponding subvector p⋆J of p⋆ is given by (13).

Finally, we verify that the above derivative is continuous on S \ vert(S). Let s ∈
S \ vert(S), and denote the corresponding value of p⋆ by p⋆(s) in order to emphasize

its dependence on s. Then from our previous results, we can conclude that p⋆(s) is the

unique vector in RJ+1 satisfying the optimality condition

p⋆(s) = max{p,min{p, (Ds+ e)′p⋆(s)}}.

This follows from the definition of p⋆J (s) and the fact that p⋆−J (s) is optimal and unique.

Since p⋆(s) must lie in the compact set [p0, pJ+1]
J+1, Berge’s theorem of the maximum

ensures that the set of fixed points of the above equation is upper hemicontinuous at

s.21 By uniqueness of p⋆(s), it follows that p⋆(s) is continuous at s, and therefore so

is ∇νl(s), as required.
(Upper bound) The proof for the upper variance bound proceeds in much the

same way as the proof for the lower bound. Let both choke prices p0 and pJ+1 be finite

so that the variance upper bound is finite. Let D̃ and ẽ be defined analogously to D

and e, but as a (J + 2)× (J + 1)-dimensional matrix and (J + 2)-dimensional vector,

respectively. In addition, define the (J + 2)-dimensional vector

p̃ ≡
[
p0 · · · pJ+1

]′
,

and recall that f ≡ Ds + e. Note that by definition, all dispersed distributions FD,r

are discrete distributions supported on p̃. In addition, the probability mass function

21Notice that it is not enough to simply apply the maximum theorem to the program given by (12), since
this does not pin down p⋆J (s); we must verify continuity of p⋆(s) at s ∈ bd(S) \ vert(S) as well.
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of any discrete distribution in the identified set F⋆ supported on p̃ may be written as

f̃ ≡ D̃ (diag{1− η}[ 0s ] + diag{η}[ s1 ]) + ẽ

for some η ∈ [0, 1]J+1. It will be convenient to express f̃ in terms of f rather than s,

f̃ =

[
0

f

]
+ D̃ diag{f}η.

Then the variance upper bound may be expressed as

v(FD,r⋆) = max
η∈[0,1]J+1

p̃′(diag{f̃} − f̃ f̃ ′)p̃

s.t. f̃ =

[
0

f

]
+ D̃ diag{f}η. (14)

The reasoning here is analogous to that given in the case of the lower bound: the

feasible set of distributions is a subset of F⋆, but a superset of the set of all dispersed

distributions {FD,r : r ∈ [0, 1]}. By Stoye (2010), the optimized objective must equal

v(FD,r⋆); that is, the optimal dispersed distribution FD,r⋆ corresponds to a discrete

random variable supported on p̃ with probability mass function f̃⋆, where f̃⋆ is optimal

for the above program.

We will now establish that the solution η⋆ is unique whenever f > 0. To show this,

it will be helpful to simplify the objective of the above program:

p̃′(diag{f̃} − f̃ f̃ ′)p̃ = p̃′ diag{p̃}
[
0
f

]
− [ 0 f ′ ]p̃p̃′

[
0
f

]
+
(
p̃′ diag{p̃} − 2[ 0 f ′ ]p̃p̃′

)
D̃ diag{f}η

− η′ diag{f}D̃′p̃p̃′D̃ diag{f}η.

Notice that D̃′p̃ = −(p− p) and D̃′ diag{p̃}p̃ = −(p− p)(p+ p). For ease of notation,

let g ≡ diag{f}(p − p); since f > 0 by assumption, we have g > 0 as well. Then we

may express the objective as

−η′gg′η − g′ diag{p+ p− 2f ′p}η + p′(diag{f} − ff ′)p.

The gradient of the objective at η⋆ is therefore given by

2g′ diag{f ′p− g′η⋆ − (p+ p)/2}.
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Now, suppose for the sake of contradiction that there exists another solution η̃⋆ ̸=
η⋆. Then the difference between η̃⋆ and η⋆ must lie in the null space of gg′, meaning

we must have g′η̃⋆ = g′η⋆. As a result, the gradient of the objective at η̃⋆ is identical to

the above expression. In particular, because both η⋆ and η̃⋆ are assumed to be optimal,

this implies that all components of η⋆ and η̃⋆ at which the above gradient is non-zero

must coincide: if the jth component of the gradient is positive, then η⋆j = η̃⋆j = 1, while

if it is negative, then η⋆j = η̃⋆j = 0.

Since g > 0, there can be at most one component of the gradient that is exactly

equal to zero, because the vector (p+ p)/2 is strictly increasing. If no such component

exists, then we have reached a contradiction, because η̃⋆ = η⋆. If such a component

does exist, denote it by j, and the rest by −j. Then η̃⋆j must satisfy

0 = 2gj(f
′p− gj η̃

⋆
j − g′−j η̃

⋆
−j − (pj + p

j
)/2)

⇐⇒ η̃⋆j =
f ′p− g′−j η̃

⋆
−j − (pj + p

j
)/2

gj
.

But then we must have η̃⋆j = η⋆j , since we know that g′−j η̃
⋆
−j = g′−jη

⋆
−j , so we have

reached a contradiction, because η̃⋆ = η⋆. We conclude that η⋆ is unique whenever

f > 0.22

We can now apply Danskin’s theorem to conclude that the value function of the

program given by (14), call it νu(f), is differentiable whenever f > 0. To verify the

conditions of the theorem, observe that the set [0, 1]J+1 is compact, the objective is

differentiable in η and f , and the partial derivative of the objective with respect to f

is continuous in η and f . Since η⋆ is unique, we have that

∇νu(f) = p̃′ diag{p̃− 2f̃⋆′p̃}
([

0′
I

]
+ D̃ diag{η⋆}

)
,

where 0 ∈ RJ+1 and I denotes the (J + 1)× (J + 1)-dimensional identity matrix.

Suppose some subvector of f , call it fJ , is equal to zero, while the remaining

components f−J are strictly positive. Then we can apply our previous argument

to conclude that η⋆−J is unique. On the other hand, the subvector η⋆J must satisfy

0 ≤ η⋆J ≤ 1, but is otherwise unrestricted. By Danskin’s theorem, the Hadamard

22Notice that unlike in the proof for the lower bound, we have not used the fact that f must have at least
two components (since J ≥ 1). Indeed, when f is a scalar (and therefore must equal 1), the unique solution
is given by η⋆ = 1

2 .
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directional derivative of νu with respect to f in the direction h is given by

∇hνu(f) = max
η

p̃′ diag{p̃− 2f̃ ′p̃}
([

0′
I

]
+ D̃ diag{η}

)
h

s.t. 0 ≤ ηJ ≤ 1, η−J = η⋆−J , and f̃ =
[
0
f

]
+ D̃ diag{f}η.

Let h be such that hJ ≥ 0, in which case the above optimization problem can be solved

coordinatewise for each j ∈ J to get

η⋆J ≡ 1[(pJ + pJ )/2 ≤ f̃⋆′p̃], (15)

keeping in mind that f̃⋆ only depends on η⋆−J and not η⋆J . Notice that just as in the

case of the lower bound, the solution does not depend on the choice of direction hJ ,

so νu is differentiable at f in the sense previously discussed.

We conclude by restating our results in terms of choice shares. The variance upper

bound is differentiable when viewed as a function of choice shares νu : S → R+. The

derivative is given by

∇νu(s) = p̃′ diag{p̃− 2f̃⋆′p̃}
([

0′
I

]
+ D̃ diag{η⋆}

)
D,

where η⋆ and f̃⋆ solve the quadratic program given by (14). Let

J ≡ {j ∈ {1, . . . , J + 1} : (Ds+ e)j = 0}.

Then the corresponding subvector η⋆J of η⋆ is given by (15).

Finally, we verify that the above derivative is continuous on S. Let s ∈ S, and
denote the corresponding values of η⋆ and f̃⋆ by η⋆(s) and f̃⋆(s), respectively, in order

to emphasize their dependence on s. We cannot apply the same proof technique used

in the case of the lower bound, because η⋆(s) cannot be expressed as the unique fixed

point of a continuous map on a compact set. However, we can still apply Berge’s

theorem of the maximum to conclude that the set of maximizers of (14) is upper

hemicontinuous at s. Since (14) has a unique maximizer for s ∈ int(S), it follows that
η⋆(s), and consequently ∇νu(s), is continuous on int(S).

Now, let s̄ ∈ bd(S), let J̄ denote the set of indices at which f̄ = Ds̄+ e is equal to

zero, and let −J̄ denote the remaining indices. Note that neither J̄ nor −J̄ is empty.

We would like to show that for any sequence {sn}∞n=1 on S with sn → s̄, we have

∇νu(sn) → ∇νu(s̄), where for sn ∈ bd(S) the components of η⋆(sn) at which Dsn + e

is zero are given by (15), so the argument below applies to them unchanged.

First, we will establish that η⋆−J̄ (sn) → η⋆−J̄ (s̄). Suppose not. Then there exists
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an ϵ > 0 and a subsequence nk such that ∥η⋆−J̄ (snk
)− η⋆−J̄ (s̄)∥ ≥ ϵ for all k. But then

snk
→ s̄ as k → ∞, so by upper hemicontinuity there must exist a further subsequence

nkl such that η⋆(snkl
) converges to a maximizer of (14) at s̄ as l → ∞. But the

−J̄ subvector of any maximizer of (14) at s̄ must coincide with η⋆−J̄ (s̄), providing a

contradiction. It follows that f̃⋆′(sn)p̃→ f̃⋆′(s̄)p̃, since

f̃⋆′(sn)p̃ = f ′np− (p− p)′ diag{fn}η⋆(sn),

where fn = Dsn + e, fJ̄ ,n → f̄J̄ = 0, and η⋆J̄ (sn) is bounded.

Now, consider j ∈ J̄ , and suppose that (pj + p
j
)/2 ̸= f̃⋆′(s̄)p̃. Then for n large

enough, we will have |f̃⋆′(sn)p̃− f̃⋆′(s̄)p̃| < |(pj + p
j
)/2− f̃⋆′(s̄)p̃|, meaning

(pj + p
j
)/2 < f̃⋆′(s̄)p̃ =⇒ (pj + p

j
)/2 < f̃⋆′(sn)p̃ =⇒ η⋆j (sn) = 1, and

(pj + p
j
)/2 > f̃⋆′(s̄)p̃ =⇒ (pj + p

j
)/2 > f̃⋆′(sn)p̃ =⇒ η⋆j (sn) = 0.

It follows that η⋆j (sn) → η⋆j (s̄). Suppose instead that (pj + p
j
)/2 = f̃⋆′(s̄)p̃. Then it

need not be the case that η⋆j (sn) → η⋆j (s̄), but this is irrelevant because ∇νu(s̄) does

not depend on η⋆j (s̄). To see this, observe that the coefficient on η⋆j (s̄) in the expression

for ∇νu(f̄) is given by

(pj − p
j
)(2f̃⋆′(s̄)p̃− (pj + p

j
)) = 0.

Since f̃⋆′(sn)p̃→ f̃⋆′(s̄)p̃ and η⋆j (sn) is bounded, we conclude that ∇νu(sn) → ∇νu(s̄).
So, ∇νu(s) is continuous on S, as claimed. q.e.d.

SA.2 Monte Carlo Simulations

Table SA.1 reports the coverage of our confidence intervals for two simulations cali-

brated to the Mas and Pallais (2017) data. In Panel A, the distribution of valuations in

the data-generating process is given by the maximum likelihood estimate in the actual

data, which we then sample from together with the empirical distribution of prices.

In Panel B, we set the distribution of valuations to be the nonparametric isotonic re-

gression estimate. In both cases, we correct for inattention by assuming that 29% of

individuals are inattentive across all treatment arms, which corresponds to the average

inattention rate (2 × 0.145) reported by Mas and Pallais (2017) and imposed in their

hours treatments (see Appendix A for details). Choke prices are given by p0 = −$5.01

and pJ+1 = $10 for all treatment arms.

The table shows that all of our methods produce coverage close to the nominal
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Table SA.1: Coverage in simulations, 1− α = 0.95

Mean SD Q1 Q2 Q3

Panel A. Logistic simulations
Flexible schedule 94.2 92.7 98.6 97.8 98.9
Flexible # of hours 94.1 93.2 98.8 98.8 97.1
Work from home 93.0 94.1 96.9 99.1 99.5
Combined flexible 93.3 94.5 97.9 98.2 99.2
Employer discretion 92.7 95.7 97.5 99.9 97.5
20-hour job 94.4 93.9 97.6 99.6 100.0
50-hour job 94.6 94.9 100.0 99.9 100.0

Panel B. Nonparametric simulations
Flexible schedule 93.3 96.0 99.7 100.0 97.8
Flexible # of hours 94.2 96.1 99.5 99.5 98.6
Work from home 92.8 94.5 99.8 99.3 99.6
Combined flexible 92.7 95.9 99.8 99.8 99.4
Employer discretion 94.3 95.1 99.4 99.5 100.0
20-hour job 94.7 94.9 99.5 99.7 100.0
50-hour job 94.6 97.0 100.0 99.9 100.0

Notes: Coverage in percent. Q1, Q2, and Q3 are the 0.25, 0.5, and 0.75 quantiles of WTP. Panel A reports
the coverage of confidence intervals constructed from logit shares (Section 5), and Panel B the coverage of
confidence intervals constructed from binned shares (Section 6).

level of 95% for both the mean and standard deviation across every outcome. For the

quantiles, the coverage is often well above the nominal level. This is not surprising

given the discrete nature of the inference problem. For example, if sj < r < sj+1

for some j ∈ {0, . . . , J}, then P[Cn(r) = [pj , pj+1]] will approach one as the sample

size increases, and therefore so will the coverage probability. We would only expect

coverage to be close to the nominal level in particularly difficult situations, such as

when r = sj for some j ∈ {1, . . . , J}, or even for all j ∈ {1, . . . , J}.

SA.3 Additional Empirical Results

This appendix collects additional results for Section 7.
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Table SA.2: Estimates and 95% CIs, flexibility arms, pJ+1 = $6

Mean SD Q1 Q2 Q3

Flexible schedule
Logit 0.48 2.15 −0.82 0.48 1.79

[0.07, 0.89] [1.27, 3.03] [−1.34, −0.31] [0.07, 0.89] [0.99, 2.59]
Logit shares [0.30, 0.66] [1.89, 2.28] [−1.00, −0.75] [0.25, 0.50] [1.75, 2.00]

[−0.01, 1.02] [1.33, 2.94] [−1.75, −0.25] [0.00, 1.25] [1.00, 4.00]
Binned shares [0.65, 0.93] [2.44, 2.66] [−0.50, 0.25] [0.00, 0.25] [0.00, 1.00]

[0.07, 1.56] [1.50, 3.60] [−2.50, 0.50] [−0.50, 1.00] [−0.25, 6.00]

Flexible # of hours
Logit −0.22 2.24 −1.58 −0.22 1.14

[−0.63, 0.19] [1.37, 3.12] [−2.18, −0.97] [−0.63, 0.19] [0.41, 1.87]
Logit shares [−0.38, −0.03] [1.96, 2.35] [−1.75, −1.50] [−0.25, 0.00] [1.00, 1.25]

[−0.72, 0.32] [1.41, 2.97] [−2.50, −1.00] [−0.75, 0.50] [0.50, 2.50]
Binned shares [0.13, 0.55] [2.57, 3.06] [−1.25, −0.50] [−0.50, 0.25] [0.00, 0.75]

[−0.57, 1.27] [1.48, 4.19] [−5.01, 0.50] [−2.00, 1.25] [−1.00, 6.00]

Work from home
Logit 1.33 1.86 0.20 1.33 2.45

[0.80, 1.85] [1.06, 2.66] [−0.38, 0.77] [0.80, 1.85] [1.62, 3.28]
Logit shares [1.13, 1.51] [1.62, 2.03] [0.00, 0.25] [1.25, 1.50] [2.25, 2.50]

[0.73, 1.97] [1.09, 2.65] [−0.75, 0.75] [0.75, 2.25] [1.75, 4.00]
Binned shares [1.53, 1.96] [2.18, 3.08] [−0.25, 0.75] [0.25, 1.25] [2.25, 2.50]

[0.63, 2.89] [0.33, 4.86] [−5.01, 2.50] [−0.25, 6.00] [−0.25, 6.00]

Combined flexible
Logit 1.17 2.34 −0.25 1.17 2.58

[0.57, 1.76] [1.42, 3.25] [−0.86, 0.37] [0.57, 1.76] [1.61, 3.55]
Logit shares [0.94, 1.35] [1.99, 2.44] [−0.25, 0.00] [1.00, 1.25] [2.50, 2.75]

[0.50, 1.85] [1.45, 3.05] [−1.25, 0.50] [0.50, 2.00] [1.75, 5.00]
Binned shares [1.11, 1.63] [2.01, 2.50] [−1.25, −0.50] [0.00, 1.25] [2.50, 2.75]

[0.27, 2.53] [0.46, 3.94] [−5.01, 2.75] [−1.25, 6.00] [−0.25, 6.00]

Notes: For each arm and estimator, the first row reports the logit point estimate or bound estimates, and
the second row 95% CIs. Logit shares: bounds under Assumption FF with a logistic link and a linear index.
For the 50-hour arm, these equal the nonparametric bounds and are not shown. The logit estimates do not
depend on the upper choke price. Q1, Q2, and Q3 are the 0.25, 0.5, and 0.75 quantiles of WTP. Bound
estimates from the binned shares can cross (lower above upper) because of sampling error.
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Table SA.3: Estimates and 95% CIs, employer discretion and hours, pJ+1 = $6

Mean SD Q1 Q2 Q3

Employer discretion
Logit 3.41 2.95 1.63 3.41 5.20

[2.60, 4.23] [2.02, 3.88] [1.06, 2.19] [2.60, 4.23] [3.92, 6.49]
Logit shares [2.70, 3.38] [2.06, 2.59] [1.50, 1.75] [3.00, 4.00] [5.00, 6.00]

[2.33, 3.82] [1.72, 2.94] [1.00, 2.25] [2.50, 5.00] [4.00, 6.00]
Binned shares [3.06, 3.56] [2.18, 1.96] [2.00, 2.50] [2.00, 2.75] [5.00, 6.00]

[2.56, 4.14] [0.93, 3.18] [−0.50, 2.75] [2.00, 6.00] [3.00, 6.00]

20-hour job
Logit 6.00 5.71 2.54 6.00 9.45

[3.44, 8.55] [2.46, 8.95] [1.40, 3.68] [3.44, 8.55] [5.04, 13.86]
Logit shares [3.26, 4.06] [2.62, 3.15] [2.50, 2.75] [5.00, 6.00] [5.00, 6.00]

[2.88, 4.47] [2.08, 3.68] [1.25, 5.00] [4.00, 6.00] [5.00, 6.00]
Binned shares [3.23, 4.02] [2.86, 2.88] [3.00, 4.00] [5.00, 6.00] [5.00, 6.00]

[2.77, 4.53] [2.08, 3.66] [−5.01, 6.00] [3.00, 6.00] [5.00, 6.00]

50-hour job
Logit 0.88 6.11 −2.82 0.88 4.58

[−0.56, 2.33] [0.64, 11.57] [−7.44, 1.81] [−0.56, 2.33] [2.41, 6.75]
Binned shares [−1.52, 3.25] [0.73, 5.19] [−5.01, 1.60] [−5.01, 1.60] [3.20, 6.00]

[−1.92, 3.44] [0.68, 5.38] [−5.01, 1.60] [−5.01, 3.20] [3.20, 6.00]

Notes: See Table SA.2.

S12



Table SA.4: Estimates and 95% CIs, flexibility arms, pJ+1 = $10

Mean SD Q1 Q2 Q3

Flexible schedule
Logit 0.48 2.15 −0.82 0.48 1.79

[0.07, 0.89] [1.27, 3.03] [−1.34, −0.31] [0.07, 0.89] [0.99, 2.59]
Logit shares [0.30, 0.75] [1.89, 2.55] [−1.00, −0.75] [0.25, 0.50] [1.75, 2.00]

[−0.01, 1.20] [1.33, 3.48] [−1.75, −0.25] [0.00, 1.25] [1.00, 4.00]
Binned shares [0.65, 1.82] [2.44, 4.47] [−0.50, 0.25] [0.00, 0.25] [0.00, 1.00]

[0.03, 3.38] [1.51, 7.04] [−2.50, 0.50] [−0.50, 1.00] [−0.25, 10.00]

Flexible # of hours
Logit −0.22 2.24 −1.58 −0.22 1.14

[−0.63, 0.19] [1.37, 3.12] [−2.18, −0.97] [−0.63, 0.19] [0.41, 1.87]
Logit shares [−0.38, 0.03] [1.96, 2.54] [−1.75, −1.50] [−0.25, 0.00] [1.00, 1.25]

[−0.72, 0.43] [1.41, 3.37] [−2.50, −1.00] [−0.75, 0.50] [0.50, 2.50]
Binned shares [0.13, 0.82] [2.57, 3.66] [−1.25, −0.50] [−0.50, 0.25] [0.00, 0.75]

[−0.83, 2.80] [0.90, 7.63] [−5.01, 0.50] [−2.00, 1.25] [−1.00, 10.00]

Work from home
Logit 1.33 1.86 0.20 1.33 2.45

[0.80, 1.85] [1.06, 2.66] [−0.38, 0.77] [0.80, 1.85] [1.62, 3.28]
Logit shares [1.13, 1.62] [1.62, 2.35] [0.00, 0.25] [1.25, 1.50] [2.25, 2.50]

[0.73, 2.19] [1.10, 3.31] [−0.75, 0.75] [0.75, 2.25] [1.75, 4.00]
Binned shares [1.53, 3.00] [2.18, 5.06] [−0.25, 0.75] [0.25, 1.25] [2.25, 2.50]

[0.37, 5.80] [−0.04, 10.33] [−5.01, 2.50] [−0.25, 10.00] [−0.25, 10.00]

Combined flexible
Logit 1.17 2.34 −0.25 1.17 2.58

[0.57, 1.76] [1.42, 3.25] [−0.86, 0.37] [0.57, 1.76] [1.61, 3.55]
Logit shares [0.94, 1.55] [1.99, 2.92] [−0.25, 0.00] [1.00, 1.25] [2.50, 2.75]

[0.50, 2.21] [1.46, 3.90] [−1.25, 0.50] [0.50, 2.00] [1.75, 5.00]
Binned shares [1.11, 2.33] [2.01, 3.95] [−1.25, −0.50] [0.00, 1.25] [2.50, 2.75]

[0.07, 4.66] [0.15, 8.00] [−5.01, 2.75] [−1.25, 10.00] [−0.25, 10.00]

Notes: See Table SA.2.
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Table SA.5: Estimates and 95% CIs, employer discretion and hours, pJ+1 = $10

Mean SD Q1 Q2 Q3

Employer discretion
Logit 3.41 2.95 1.63 3.41 5.20

[2.60, 4.23] [2.02, 3.88] [1.06, 2.19] [2.60, 4.23] [3.92, 6.49]
Logit shares [2.70, 4.48] [2.06, 4.02] [1.50, 1.75] [3.00, 4.00] [5.00, 10.00]

[2.33, 5.37] [1.72, 4.60] [1.00, 2.25] [2.50, 5.00] [4.00, 10.00]
Binned shares [3.06, 5.35] [2.18, 4.07] [2.00, 2.50] [2.00, 2.75] [5.00, 10.00]

[2.56, 6.57] [0.97, 4.95] [−0.50, 2.75] [2.00, 10.00] [3.00, 10.00]

20-hour job
Logit 6.00 5.71 2.54 6.00 9.45

[3.44, 8.55] [2.46, 8.95] [1.40, 3.68] [3.44, 8.55] [5.04, 13.86]
Logit shares [3.26, 6.37] [2.62, 4.87] [2.50, 2.75] [5.00, 10.00] [5.00, 10.00]

[2.88, 7.21] [2.08, 5.38] [1.25, 5.00] [4.00, 10.00] [5.00, 10.00]
Binned shares [3.23, 6.26] [2.86, 4.71] [3.00, 4.00] [5.00, 10.00] [5.00, 10.00]

[2.77, 7.36] [2.10, 5.35] [−5.01, 10.00] [3.00, 10.00] [5.00, 10.00]

50-hour job
Logit 0.88 6.11 −2.82 0.88 4.58

[−0.56, 2.33] [0.64, 11.57] [−7.44, 1.81] [−0.56, 2.33] [2.41, 6.75]
Binned shares [−1.52, 4.59] [0.73, 6.90] [−5.01, 1.60] [−5.01, 1.60] [3.20, 10.00]

[−1.92, 5.01] [0.68, 7.32] [−5.01, 1.60] [−5.01, 3.20] [3.20, 10.00]

Notes: See Table SA.2.
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Table SA.6: Estimates and 95% CIs, flexibility arms, pJ+1 = $12

Mean SD Q1 Q2 Q3

Flexible schedule
Logit 0.48 2.15 −0.82 0.48 1.79

[0.07, 0.89] [1.27, 3.03] [−1.34, −0.31] [0.07, 0.89] [0.99, 2.59]
Logit shares [0.30, 0.79] [1.89, 2.72] [−1.00, −0.75] [0.25, 0.50] [1.75, 2.00]

[−0.01, 1.29] [1.33, 3.83] [−1.75, −0.25] [0.00, 1.25] [1.00, 4.00]
Binned shares [0.65, 2.26] [2.44, 5.38] [−0.50, 0.25] [0.00, 0.25] [0.00, 1.00]

[0.01, 4.38] [1.51, 8.79] [−2.50, 0.50] [−0.50, 1.00] [−0.25, 12.00]

Flexible # of hours
Logit −0.22 2.24 −1.58 −0.22 1.14

[−0.63, 0.19] [1.37, 3.12] [−2.18, −0.97] [−0.63, 0.19] [0.41, 1.87]
Logit shares [−0.38, 0.06] [1.96, 2.66] [−1.75, −1.50] [−0.25, 0.00] [1.00, 1.25]

[−0.72, 0.48] [1.42, 3.63] [−2.50, −1.00] [−0.75, 0.50] [0.50, 2.50]
Binned shares [0.13, 0.96] [2.57, 4.03] [−1.25, −0.50] [−0.50, 0.25] [0.00, 0.75]

[−0.91, 3.66] [0.80, 9.55] [−5.01, 0.50] [−2.00, 1.25] [−1.00, 12.00]

Work from home
Logit 1.33 1.86 0.20 1.33 2.45

[0.80, 1.85] [1.06, 2.66] [−0.38, 0.77] [0.80, 1.85] [1.62, 3.28]
Logit shares [1.13, 1.67] [1.62, 2.56] [0.00, 0.25] [1.25, 1.50] [2.25, 2.50]

[0.73, 2.30] [1.10, 3.72] [−0.75, 0.75] [0.75, 2.25] [1.75, 4.00]
Binned shares [1.53, 3.52] [2.18, 6.08] [−0.25, 0.75] [0.25, 1.25] [2.25, 2.50]

[0.30, 7.37] [−0.16, 13.17] [−5.01, 2.50] [−0.25, 12.00] [−0.25, 12.00]

Combined flexible
Logit 1.17 2.34 −0.25 1.17 2.58

[0.57, 1.76] [1.42, 3.25] [−0.86, 0.37] [0.57, 1.76] [1.61, 3.55]
Logit shares [0.94, 1.64] [1.99, 3.22] [−0.25, 0.00] [1.00, 1.25] [2.50, 2.75]

[0.50, 2.40] [1.46, 4.42] [−1.25, 0.50] [0.50, 2.00] [1.75, 5.00]
Binned shares [1.11, 2.69] [2.01, 4.72] [−1.25, −0.50] [0.00, 1.25] [2.50, 2.75]

[−0.01, 5.85] [0.05, 10.23] [−5.01, 2.75] [−1.25, 12.00] [−0.25, 12.00]

Notes: See Table SA.2.

S15



Table SA.7: Estimates and 95% CIs, employer discretion and hours, pJ+1 = $12

Mean SD Q1 Q2 Q3

Employer discretion
Logit 3.41 2.95 1.63 3.41 5.20

[2.60, 4.23] [2.02, 3.88] [1.06, 2.19] [2.60, 4.23] [3.92, 6.49]
Logit shares [2.70, 5.02] [2.06, 4.83] [1.50, 1.75] [3.00, 4.00] [5.00, 12.00]

[2.33, 6.17] [1.72, 5.57] [1.00, 2.25] [2.50, 5.00] [4.00, 12.00]
Binned shares [3.06, 6.25] [2.18, 5.10] [2.00, 2.50] [2.00, 2.75] [5.00, 12.00]

[2.56, 7.87] [0.97, 6.01] [−0.50, 2.75] [2.00, 12.00] [3.00, 12.00]

20-hour job
Logit 6.00 5.71 2.54 6.00 9.45

[3.44, 8.55] [2.46, 8.95] [1.40, 3.68] [3.44, 8.55] [5.04, 13.86]
Logit shares [3.26, 7.53] [2.62, 5.80] [2.50, 2.75] [5.00, 12.00] [5.00, 12.00]

[2.88, 8.62] [2.08, 6.28] [1.25, 5.00] [4.00, 12.00] [5.00, 12.00]
Binned shares [3.23, 7.38] [2.86, 5.66] [3.00, 4.00] [5.00, 12.00] [5.00, 12.00]

[2.77, 8.85] [2.10, 6.29] [−5.01, 12.00] [3.00, 12.00] [5.00, 12.00]

50-hour job
Logit 0.88 6.11 −2.82 0.88 4.58

[−0.56, 2.33] [0.64, 11.57] [−7.44, 1.81] [−0.56, 2.33] [2.41, 6.75]
Binned shares [−1.52, 5.26] [0.73, 7.79] [−5.01, 1.60] [−5.01, 1.60] [3.20, 12.00]

[−1.92, 5.79] [0.68, 8.30] [−5.01, 1.60] [−5.01, 3.20] [3.20, 12.00]

Notes: See Table SA.2.
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Table SA.8: Gender differences in WTP, all arms other than hours

Distribution-free bounds

pJ+1 Logit Logit shares Binned shares

Flexible schedule $6 0.42 [0.03, 0.79] [0.96, 1.59]
[−0.49, 1.34] [−0.67, 1.55] [−0.22, 2.82]

$10 [−0.23, 0.84] [0.39, 3.59]
[−1.01, 1.69] [−1.12, 6.60]

$12 [−0.36, 0.87] [0.11, 4.59]
[−1.21, 1.77] [−1.67, 8.67]

Flexible # of hours $6 0.15 [−0.16, 0.50] [0.33, 1.03]
[−0.71, 1.01] [−0.87, 1.23] [−2.28, 3.08]

$10 [−0.18, 0.59] [1.43, 1.65]
[−0.89, 1.37] [−4.66, 5.60]

$12 [−0.18, 0.63] [1.98, 1.96]
[−0.91, 1.45] [−6.00, 6.99]

Work from home $6 0.91 [0.55, 1.28] [0.00, 1.27]
[−0.11, 1.93] [−0.32, 2.12] [−1.98, 3.21]

$10 [0.48, 1.35] [0.53, 3.27]
[−0.56, 2.23] [−3.16, 7.79]

$12 [0.44, 1.39] [0.79, 4.27]
[−0.70, 2.30] [−4.04, 10.36]

Combined flexible $6 1.52 [1.06, 1.81] [1.03, 1.42]
[0.40, 2.65] [0.21, 2.71] [−1.53, 3.99]

$10 [1.06, 2.20] [2.76, 2.43]
[0.21, 3.36] [−2.35, 6.94]

$12 [1.06, 2.40] [3.63, 2.93]
[0.21, 3.73] [−3.18, 8.58]

Employer discretion $6 2.16 [1.06, 2.44] [1.49, 2.43]
[0.50, 3.81] [0.33, 3.19] [0.49, 3.35]

$10 [0.27, 4.04] [0.61, 4.91]
[−0.76, 5.39] [−0.95, 6.56]

$12 [−0.13, 4.83] [0.16, 6.15]
[−1.34, 6.53] [−1.79, 8.30]

Notes: See Table 1. Bound estimates from the binned shares can cross (lower above upper) because of
sampling error.
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