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e Partially identified models are widespread in empirical economics
— Advantage: enable relaxation of implausible assumptions
— Drawback: complicate statistical inference

¢ Imbens and Manski (2004) and ensuing work emphasize properties

e Little is known about properties

» Under point identification, conventional Cls [0 & 1.96%] are length optimal

Theoretical Question

How can we extend classical optimality theory to partially identified models?

Quantitative Question

How far from optimal are existing confidence procedures?
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Running Example: Rambachan and Roth (2023)

Setup and Notation

Balanced panel: {Yit,Di}?;lj:_z
Potential outcomes: Y;; = (1 — D;)Y;(0) + D;Y; (1)
Treatment timing: ¢t = 1 (absorbing, non-staggered)

No anticipation: Yit(0) = Yir(1) for t < 1

.

Difference-in-Differences estimand:

e = (]E[Y:f | D; =1] —E[Y; | D; = O]) - (E[Yio | D; =1] —E[Y; | D; = 0])
= E[Yir(1) - Yt (0) | Di = 1] +

ATT in period t Difference in trends in untreated potential outcomes from 0 to ¢

ETf"’
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Relaxing the Parallel Trends Assumption

Stacking pre-period (excluding 0) and post-period equations, since 7P = 0,

,upost _ IT TpOSt_|_ SPpost
Hpre OIXT Spre

/L:KTPOSt—{—(i

__post ¢ kr
g _ [l post for some (77 0) e R* x A

e Parallel trends: A = {0} = 6 = I'7P°" = ["uP°** point identified

e Building on Manski and Pepper (2018), Rambachan and Roth (2023) propose
relaxing parallel trends by expanding A
Model and Examples



Examples of Nuisance Parameter Sets

Relative Magnitudes

ARM(M)E{ o — ;] £ M max| — \foraIItZO}

s<0

Relative Magnitudes with a Decreasing Differential Trend

ARMD(M)EARM(M)H{ : — 0, <0 for all t}
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A Flexible Class of Models

w=Kr+4
o for some (7,0) € RF x A X ~N(uX) =P,

e K, I, A, and X are all known

e Moments p € range(K) + A = M are consistent with the model

Armstrong and Kolesdr (2018, 2021) establish that Donoho (1994)'s Cl has near
minimax expected length when A convex, centrosymmetric (§ € A < —0 € A)

Flexibility: | leave the specification of A entirely up to the researcher’s discretion
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Union Bounds and Intersection Bounds

ARM(Q1) is centrosymmetric, but not convex

Under ARM(11), the identified set for @ = 7; takes the form of union bounds

- i it — M s+1 — Ms M bs — Hs i|
O(n) [rsrgg{m EM o1 = sl } max {pe + EM |poyr — pisl

Union bounds more generally also fit into my framework
— Often appear in sensitivity analysis (Bei, 2025)

Intersection bounds (swapping the max and min) are also compatible
— Often appear in program evaluation (Manski, 1990)
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Several Applications Compatible with my Framework

Treatment Effects and Average Counterfactuals
e Lee (2009), Gundersen et al. (2012)

e de Quidt et al. (2018), Kolesar et al. (2026)
Sign Restrictions and Bounds on OVB

e Li and Miiller (2021), Ketz and McCloskey (2025), Cox (2026)
Discrete Choice

o Katz (2007), Pakes et al. (2015), Canay et al. (2023)
Sensitivity Analysis

e Kolesdr and Rothe (2018), Rambachan and Roth (2023)

e Nevo and Rosen (2012), Masten and Poirier (2021)
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Background on Statistical Decision Theory

* Decision theory: a unifying framework for defining “optimality” (Wald, 1950)
— estimation, hypothesis testing, treatment assignment, experimental design, etc.

e | take a decision-theoretic perspective on confidence procedures

Essential Elements of a Statistical Decision Problem

Experiment: Observe X ~ P, for some u € M

Decision Rule: What confidence set to report based on X

Loss Function: How costly it is to report a given set under P,

Risk Function: Expected loss for a given confidence procedure under P,
Risk Aggregation: How to trade off risk across states of the world p

Statistical Decision Problem 8



Action Space and Confidence Procedure

The researcher takes an action by reporting a confidence set

Randomization device: U ~ Unif|0, 1] independent of X

Confidence procedure: measurable map from sample space — action space
SRR x [0,1] = A

e Action space A is the collection of all measurable sets
— Two sets are considered equivalent if they only differ on a set of measure zero

e The researcher need not report an interval unless it is optimal to do so
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Class of Confidence Procedures with Correct Coverage

e For a € (0,0.5], | require 1 — o coverage of the partially identified parameter

Imbens and Manski (2004) Coverage Requirement

= i i >1-
Ses, {S €S: inf inf Pre,,(t€S(X,U) > 1 a}

Technical Definition
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Decision Theory Checklist

Experiment v/
Decision Rule v/
Loss Function
Risk Function

Risk Aggregation



Loss and Risk Functions

Excess Length Loss and Risk

Loss: L:MxA—Ry  L(p,A)=A(A\O(un))
Risk: R: MxS— Ry R(p,S) =Ep, , [L(, S(X,U))]

excess €xXcess

Interpretation: not costly to report values of 6 consistent with the model
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Decision Theory Checklist

Experiment v/

Decision Rule v/
Loss Function v/
Risk Function v/

Risk Aggregation



Aggregating Risk

e To fix ideas, | focus on minimax risk

— Conventional two-sided Cls are minimax expected length optimal (Stein, 1962)
— | can also accommodate minimax regret and Bayes risk

e S* € S, is minimax optimal if it solves

inf R(u, S
S5, g R

Obstacle: the choice variable is a function mapping (X, U) to sets

How can we leverage the model’s structure to make the problem tractable?
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Background on Test Inversion

e Test inversion: main method of forming confidence sets in PID models

Exploits duality between confidence sets and tests

95% confidence set for § = {t € R: Hy : t € ©O(p) not rejected at the 5% level}

Observe noisy estimate of 4, not €, so helpful to write
teO(un) <= pe M)

e How can we simplify the problem of testing Hy : p € M(¢t)?
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Example Continued: Rambachan and Roth (2023)

Three-period DiD model

e =lol ] ama={ ] s arh et = fm el
g
N
i ol 1 M(0)
B
N

Reduction to an Optimal Testing Problem 14



Example Continued: Rambachan and Roth (2023)

Three-period DiD model

e =lol ] ama={ ] s arh et = fm el
2_
1_
. AN 1 M(0)
) / I M)
_1_
_2_

Reduction to an Optimal Testing Problem 14



Recentering the Moments

e The model has a linear and additively separable structure

w=Kr+9§

, for some (7,8) € RF x A
=1t

e Null set translates with ¢, that is, M(t) = tKI + M(0), so
we M) < pu—tKle M(0)

e Suffices to test whether recentered moments consistent with § = 0

Reduction to an Optimal Testing Problem i)



Projecting Out Uninformative Directions

e Some directions in u space may be uninformative about 6
V = {v e R : tv+ M(0) = M(0) for all t € R}
e | project them out to reduce the dimension of the problem
uw—tKle M(0) < Q(pn—tKIl) € QM(0)

 The rows of Q form an orthogonal basis of V-, chosen so that QK1 = e;

Assumption 1: Informativeness

Kl ¢V.
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The Reduced Testing Problem

e Putting everything together,
teO(pn) <= Q(u—tKl) € QM(0)

Reduced Testing Problem

Reduced Moments: v = Q(u — tKl) € QM
Reduced Statistic: Y = Q(X —tKl) ~ N(v,QXQ") = P,
Null Hypothesis: Hy:v e QM(0)

Level-o Tests: Po={p:R" = [0,1]s.t. sup Ep[p(Y)] < a}
vEQM(0)

e Only the first component of v and Y depends on ¢

-] ]
V1 Qap
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Extending the Ghosh—Pratt Identity

e Conventional wisdom: inverting a family of tests with good power properties
= confidence procedure with good length properties

e The Ghosh—Pratt identity makes this precise (Ghosh, 1961; Pratt, 1961)

Ghosh—Pratt Identity under Partial Identification

Expected excess length = integrated type || error probability

R(uS)= [ Prg,(te S(XU)at
R\O (1)
type II error

R(va, ) = /1{y ¢ QMO)}En[1 - p(V)] du

| —
indicator for the
alternative
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Additional Regularity Assumptions

Assumption 2: Normalization

I € R¥" is a nonzero vector normalized so that ||I|| = 1.

Assumption 3: Nuisance Parameter Set

A C R*# is non-empty and o-compact.

Assumption 4: Positive Definiteness

The covariance matrix X is positive definite, 3 > 0.
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The Main Result

Theorem 1: Reduction to an Optimal Testing Problem

Under Assumptions 1 to 4, the optimal testing problem

inf  sup R(v_i,9)
¥€Pa vy 1 QM

admits a solution ¢*. Moreover, the test inversion confidence procedure
Spr(z,u) ={teR:u<1—-¢"(Qz —tKl))}
has minimax expected excess length, meaning it solves

inf R(w, S).
Jnf sup (1, 5)

\. J
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Takeaways from the Main Result

Performance of test inversion CS depend on the joint behavior of a family of tests

Theorem 1 decouples the problem across candidate values ¢t € R

The researcher must only solve a single optimal testing problem

Compared to conventional test inversion procedures,

— Shape of M(t) is immaterial; what matters is how it translates with ¢
— Computational bottleneck is the testing problem, not recomputing critical values

Reduction to an Optimal Testing Problem 21
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Solving the Optimal Testing Problem

e Applying Theorem 1 requires solving the minimax optimal testing problem

inf  sup  R(v,p)
PEPa 1 €QM

e Challenge: searching over tests ¢ € @,

e Duality theory enables us to only search over tests of Neyman—Pearson form
(Krafft and Witting, 1967)
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The Dual Problem

Let 7 € II denote weights over the risk parameters Q_1 M, and I' € G denote
weights over the null QM(0)

Then for ¢ a test of Neyman—Pearson form, [ NP

ilellr)[ ?EE/R(V_h orr) m(drg) + / (Epl, [or(Y)] — a) I'(dv)

is the dual of the optimal testing problem.

If (7*,T"*) solve the dual, then @, « p« solves the primal
SO )

Aradillas Fernandez et al. (2025) give inner-problem guarantees for finite QM (0)

| extend their approach to solve the outer problem simultaneously SMA

Duality and Computation 23
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Calibrated Simulation

e | adapt the simulation design of Rambachan and Roth (2023) to benchmark their
recommended procedures against mine

Simulation Design

Covariance Matrices: Calibrated from six papers with T < 4
Target Parameter: 0=m

True Parameters: 7=0 = p=0,with 0, =0 for all t £ —1
“Pulse” Pre-Trend: from O to 3 standard deviations
Benchmarks: Test inversion based on Andrews et al. (2023)
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Calibrated Simulation Results

ASDRM(I) ARM(l)
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Reduction in Risk of Optimal Procedure at 6 ; = 0 Across Papers

Numerical Results

RR Conditional RR Least Favorable

Restriction Median Range Median Range

ASPRM(1)  7.9% 25%-95%  18.4% 15.5%-20.1%
ARM(1) 10.9% 3.9%-11.6% 20.2% 16.0%-21.3%
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Application: Event Study from lovino et al. (2026)

¢ Question: how did the 2018 corporate tax cut affect CO5-intensive firms?

e Data: US public firms, 2015-2021; outcome log capital

Event Study Specification

Y = Z s 1{t = s} x Intensive; + a; + v + €i
#2017

e Authors conduct sensitivity analysis on 6 = 79019 under ARM(]\_J)
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lovino et al. (2026) under ARM(A1)
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Acceptance Regions for ARM(1), Single Pre-Period
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Risk and Coverage for ARM(1), Single Pre-Period
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lovino et al. (2026) under ARMP()7)
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Acceptance Regions for ARMP(1), Single Pre-Period
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Risk and Coverage for ARMP(1), Single Pre-Period
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Conclusions

Little is known about the optimality properties of confidence procedures for
partially identified parameters

e | propose a precise notion of optimality by taking a decision-theoretic perspective

| establish that for a flexible class of models, inverting a single optimal test yields
a minimax optimal confidence procedure

e | approximate the optimal procedure and quantify the suboptimality of existing
methods

34



Definition of the Action Space

Formally, | take the action space to be the measure algebra: the quotient of the Borel
o-algebra B on R by the o-ideal of null sets,

A=B/{A e B:\A) =0}

Unlike B, the measure algebra is endowed with a natural topology under which it is a
Polish space (Le Maitre, 2026). | equip A with the corresponding Borel o-algebra.
[ Return ]

Appendix 1



Definition of the Coverage Requirement

Problem: The indicator 1{t € S(X,U)} is not well-defined.

Solution: Let Ig: R x R¥# x [0,1] — [0, 1] be a measurable map such that for every
(z,u), the slice Is(-,z,u) is a version of d\g(,)/dA\. Writing
C(t, p,S) = Ep, ,[Is(t, X, U)] for the coverage probability function,

= s essi ' >1l—ap.
Sa {Ses essipf inf C(t,1,5) > 1 a}
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Definition of ASPRM(}\f)

Second Differences Relative Magnitudes

ASPRM(IT) = {5 |(51 = ) = (60 = )| < M mae (51 = 6.) = (5, = 0.

for all ¢t > 0}

Appendix 3



The Neyman—Pearson Test

Let p, denote the density of P,, and for a measure w on R¥ define the mixture of
densities

Puly) = / pu(y) w(dv)

A prior 7w € II induces weights over the alternative,

wr(dv) = 1{v ¢ QM(0)} dvy m(dvy)

Neyman—Pearson Test

FormeIl and " € G,
err(y) = 1{po. (y) > pr(y)}
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Stochastic Mirror Ascent on (7,1

Pseudo-Code for Solving the Discretized Dual Problem

input: grids on @1 M and QM(0), step sizes 7y, na > 0, iteration count T'
initialize: 7 and T uniform on their grids
repeat 7' times:

1. ¢« Upo, >pp}

2. Monte Carlo estimates R(v_;) of R(v_1,¢) and a(v) of Ep, [¢(Y)] on the grids
3. #(v) « 7(v1) exp(npR(v_1)) for each vy, then renormalize

4. T(v) + D(v) exp(nu(@(v) — a)) for each v

return the averages of 7 and I across iterations, and the test ¢ they induce
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